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1. Introduction

In this paper we consider instances of stochastic programming problems of the following form:
SP: min,cx Ep[e(x, €)].

Here the decision variable x is constrained to lie in X CR", and expectations are taken over the
random variable £ (w), defined on probability space (2, F,P) and taking values in R™. We denote
an optimal solution of SP by z* and its optimal value by C*. Given a sample S = {&;,&,.... N},

the problem SP can be approximated by the sample average approximation problem

SAA: mingcx % Ei\; c(x, &), (1)

where we choose to suppress the dependence of £ on w when this is clear from the context. We
write Ep, [c(z, 5)] to denote the objective of (1), where the expectation uses the finite probability

measure Py that assigns mass + to each & € S.
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Our focus in this paper is on distributionally robust optimization (Wiesemann et al. 2014), in
which the decision maker chooses x to solve

minsup Eg |c(x, )],
mip sup Eo [e(r. )

where P is a set of probability measures, from which a worst-case measure Q is chosen, and the
expectation is taken over the random variable £ with distribution Q. In applications we seldom
have enough information to specify P, so the set P of distributions is chosen because we seek a
solution that performs well irrespective of the choice of distribution.

If one has a sample drawn from P then this can be used to construct a suitable set P. The

distributionally robust version of SAA is then
DRO: mingex SUPgep, Eq [e(z,€)], (2)

where the objective function depends on the sample S through the worst-case probability measure
chosen from a region Ps containing the sample distribution P, and parametrized by ¢, so that it
increases in size with increasing 6. When § =0 we have P; = {Ps} and DRO reverts to the SAA
problem of minimizing the expectation under Py of ¢(z,£). When § > 0, the worst-case measure
Q € Ps is chosen to evaluate the expectation.

There are many different parameterizations that we might use for Ps, and thus a variety of
different versions of the distributionally robust optimization. Early versions of these models (Scarf
1958, Dupacova 1987) choose a worst case result from a set of distributions P that are subject
to constraints on their moments. The data-driven approach we have outlined in which P depends
on a sample has been the focus of more recent work. There are many alternative approaches, for
example, Delage and Ye (2010) construct a confidence set for the first and second moments of P
based on a sample, whereas Wang et al. (2016) construct P in terms of a likelihood function, and
Bertsimas et al. (2018) choose P to be the confidence region of a goodness-of-fit test.

A number of authors consider a DRO model where the set P; is obtained from looking at
distributions within a distance d of the sample distribution under some metric on the space of
distributions. One choice is to use ¢-divergence (such as the Kullback-Leibler divergence) to define
the distance. Note though that a ¢-divergence is typically not symmetric and may not satisfy
the triangle inequality. So apart from some special cases such as total variation (which is an L,
distance) this is not a metric, or semi-metric. Bayraksan and Love (2015) give a tutorial discussion
of the use of ¢-divergence in this setting, and Shapiro (2017) also discusses the different types
of ¢-divergence and their links with coherent risk measures. Gotoh et al. (2018) show that using

¢-divergence leads to small changes in the mean compared with large changes in the variance
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when considering in-sample performance. Van Parys et al. (2017) show that the Kullback-Leibler
divergence (also called relative entropy) has optimal properties in terms of the asymptotic behavior
for out-of-sample disappointment.

An alternative approach used by many authors is to define distances using the Wasserstein
distance between probability measures. For example Pflug and Wozabal (2007) apply this approach,
where P; is the set of distributions with a Wasserstein distance of less than § to the sample
distribution. The application here is to portfolio optimization, as is also the case for (Wozabal
2014). The paper by Gao and Kleywegt (2016) gives a comparison of the Wasserstein and ¢-
divergence approaches arguing for the better performance of the former and including some detailed
comparisons on a newsvendor problem. An important consideration in the choice of approach is the
computational burden involved in carrying out the inner maximization of DRO. Esfahani and Kuhn
(2018) demonstrate how this can be done in the Wasserstein case for a wide variety of objective
function forms.

It is well-known that when a sample is used to determine a decision variable, the resulting decision
may perform relatively poorly on a new sample from the same distribution. The optimization can
exploit particular features of the sample and delivers a decision that happens to do well on this
set of values. This is related to overfitting, which has received a lot of attention in statistics and
machine learning (see e.g. Schaffer 1993, Lawrence et al. 1997, Hawkins 2004). Here the coefficients
of a model are estimated using a training set of data, and a model with many coefficients can choose
these to match the training set very well. When applied to out-of-sample test data the model often
performs worse than a simpler model with fewer coefficients. The solutions from sample average
approximations with small sample sizes can also perform poorly out of sample (see e.g. Chopra
and Ziemba 2013, Drela 1998 Wozabal 2014).

The most widely adopted machine-learning approach to overfitting is to add some form of reg-
ularization to the estimation problem. Examples are ridge regression (Hoerl and Kennard 1970)
and LASSO (Tibshirani 1996). The literature concerning improved estimation performance from
techniques related to regularization is very extensive and we will not attempt to review it here.
However it is well known (see e.g. Tibshirani 1996) that regularization (by shrinking the size of
parameters) results in parameter estimates with lower variance that often outweighs the modest
increase in bias. In our context, ridge regression and LASSO estimation problems have equivalent
formulations that can be interpreted as robust optimization problems that specify uncertainty sets
on the data values (see e.g. Xu et al. 2009). Regression regularization can also be formulated as a
distributionally robust optimization problem using a Wasserstein metric (Blanchet et al. 2016).

There is substantial evidence that distributionally robust optimization can improve expected

out-of-sample performance on a wider range of models than those for estimation. For example,
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as shown by Chopra and Ziemba (2013), solutions to financial optimization problems are very
sensitive to sampling errors in estimated returns. Out-of-sample performance of solutions to such
problems is often much better when a distributionally robust approach is used (Delage and Ye
2010, Wozabal 2014). However the nature of the improvement in out-of-sample performance varies.
A particular set of data (corresponding to a single sample) may or may not give an improvement
if a robust approach is used, but the variance of the out-of-sample outcomes when considered
over multiple sets of data will be reduced. One might expect that it will be necessary to accept
a higher average cost in order to achieve a reduction in variance. But in fact there are many
cases where both the mean and the variance of the out-of-sample results are improved by using
a DRO approach. For example Esfahani and Kuhn (2018) carry out numerical experiments for
a portfolio optimization problem (using synthetic data) and show that both mean and variance
improve for a Wasserstein robustification (provided ¢ is not too large). Very similar results are
found by Gotoh et al. (2017) when using Kullback-Leibler divergence in an inventory problem and a
logistic regression problem. Luo and Mehrotra (2017) report improvements in mean out-of-sample
behavior from using a Wasserstein approach for a logistic regression problem (with § set by a
cross-validation method). Nevertheless there is no guarantee that an improvement in out of sample
mean is available: for example Gotoh et al. (2017) show that in their setup a portfolio optimization
problem never sees an improvement in mean.

The paper by Gotoh et al. (2017) is closest to our analysis and also considers the behaviour of
robust optimization for small values of §. Their analysis is for a general convex cost function and
for smooth ¢-divergence measures. They use the notation z*(§) for the limit of z5(S5) as S gets large
and discuss both the way that z5(S) approaches z*(d) in distribution and also the relationship of
x*(d) to the true optimal solution z*(0). Based on this asymptotic analysis for large sample sizes
they give an explicit expansion for the expected value of the out-of-sample objective function for
small §. However the expressions involved become very complex (for example involving derivatives
with respect to § of the expectation of the Jacobian of the convex conjugate of ¢ evaluated at the
objective c(z*(9),£)).

Our paper considers specific features of optimization models in order to demonstrate that, even
with the simplest problems, improvements in expected out-of-sample performance can depend
on the DRO method used and the underlying distributions. Large values of § result in solutions
to DRO that are conservative, and as observed in the literature these will not perform well in
expectation when evaluated with P. On the other hand small values of § > 0 can give improvements
in expected out-of-sample performance in comparison with SAA (6 =0). We shall therefore focus
on the change in expected out-of-sample performance of the solution to DRO as § increases from

0. We call this incremental improvement. The factors that affect incremental improvement are the



Anderson and Philpott: Improving sample average approzimation
Article submitted to INFORMS Journal on Optimization; manuscript no. MS-0001-1922.65 5

form of robustification, the form of ¢(x,£) and X, and the true probability distribution of the
random variable £ (w). Since robustification can either increase or reduce bias in the solution to
SAA, we will restrict attention to problems in which the solution (i.e. the minimizing x) of SAA is
unbiased. This means robustification will always make a solution more biased, and any observed
improvements in out-of-sample performance can then be attributed to other factors. To ensure
that the solution to SAA is unbiased for all possible probability distributions on £ we assume that
X =R", and take c(x,&) to be a positive definite quadratic function of x with a deterministic
Hessian matrix.

The main contributions of the paper are as follows.

1. We formally define the concept of incremental improvement for DRO;

2. We analyse incremental improvement for distributionally robust quadratic programs using P;
derived from phi-divergence, coherent risk measures and Wasserstein formulations;

3. We present a number of simple one-dimensional examples with univariate objective functions
for which analytical expressions defining incremental improvement can be derived. These examples
show that incremental improvement cannot be taken for granted. The outcome depends on the form
of robustification and the underlying probability distribution. For example, we provide some prob-
lem instances where incremental improvement will be obtained if we robustify with phi-divergence,
but will not be if we use a CVaR approach.

The paper is laid out as follows. The next section establishes our notation and terminology,
and formally defines the concept of incremental improvement. Section 3 then analyses quadratic
examples with Ps; derived from ¢-divergence, both for a smooth ¢ function and also when total
variation is used. Section 4 and section 5 repeat this analysis for a CVaR-based coherent risk
measure, and Wasserstein distance respectively. In section 6 we conclude the paper with some

general observations. The proofs of all the propositions in the paper are deferred to two appendices.

2. Improving SAA
Our interest is in the solution of the stochastic optimization problem SP using sample average
approximation (1) and its distributionally robust version. We assume that c(x,£(w)) satisfies the

following conditions:

ASSUMPTION 1. (a) Eplc(z,&(w))] exists and has finite value for all x € X ;
(b) c(x,&(w)) is differentiable in x € X at almost every w € Q;
(c) There exists a positive valued random variable K(w) such that Ep[K(w)] < oo, and for all

z,y € X, |e(z,§ (w)) — ey, §(w))| < K(w) [lz =y

The last condition is needed for the interchange of expectation and gradient operators in (3)

below.
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We denote an optimal solution to SAA by x¢(S). In general this may not be unique, but in nearly
all our analysis in this paper we deal with SAA problems with a unique solution. For N large it
can be shown (see Shapiro et al. 2014) that z(S) will approach the solution set of SP. When z((5)

is unique we use Cy(.S) to denote the expected cost of xy(S) given the sample S. Thus
Co(S) = Eele(z0(5), )]

Taking expectations over P amounts to looking at the out-of-sample performance of the solution
x0(S) under the real distribution.

We write ¢(x) = Ep[c(x,£)]. Given a sample S, we denote the gradient of ¢(x) evaluated at z((S)
by Vé(zo(S)). By Theorem 7.44 of (Shapiro et al. 2014) the above conditions on ¢(z, &) imply

Ve(ao(S)) = [VaEele(r, Ol (5) = Eel[Vac(@, )], s))- (3)

A distributionally robust version of SAA (DRO) generates a solution zs(S), that depends both
on the sample S and a parameter § > 0 that controls the amount of robustness added to the SAA
problem. A choice ¢ =0 will give z5(S) = 20(5). Fundamentally we are interested in the quality of

the solution as measured by

Cs(S) = Ep[c(5(95),8)]

in comparison with the SAA alternative Cy(S). Like Cy(S), Cs(S) is well defined only when z5(.5)
is unique, so when working with Cs(S) we will make this assumption. Thus we will assume the
existence of some tie breaking rule to determine a unique choice of z5(S). As we will show, it turns
out that for many examples there is no need for a tie-breaking rule for z5(.S), provided z((S) is
unique and § is chosen sufficiently small. Since the solution quality depends on what sample is
chosen, we are interested in the expectations of Cy(S) and C5(S) over different samples that may
occur, which we write using notation Eg. This expectation can be derived using the underlying
probability measure P.
It is helpful to make the following definitions.
Definition The expected value of the robust solution (VRS(J)) is

VRS(0) = Es[Co(S) — C5(5)]-

Observe that in VRS(4) the expectation is taken over the sampling distribution, accounting for
the randomness driven by the choice of sample S as well as the random variable &. The value of
VRS(0) is zero, and we will focus on circumstances in which VRS(9) is positive for small positive §,

which means that x5(5) performs better out of sample than z,(S5). We give this a formal definition.
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Definition A given form of robustification applied to a problem SP incrementally improves SAA

if VRS(6) > 0 for all 6 > 0 sufficiently small.

When considering robustification it is natural to seek a value of § that yields the best possible
improvement in out-of-sample performance. In general this is challenging to study analytically. Our
approach is to quantify the improvement as § increases incrementally from 0. As we show below this
approach provides some analytical traction that gives a deeper theoretical understanding of some
of the mechanisms that provide the improvement. In some examples we can provide conditions on
the problem data that will give sufficient conditions for incremental improvement.

When VRS(9) is differentiable at § = 0, we can quantify incremental improvement using its

derivative.

Definition The marginal value of the robust solution (MVRS) is

VRS(5)

MV RS =lim
5—0 5

where this limit exists.

If MVRS is strictly positive then robustification incrementally improves SAA, but the size of
MVRS is determined by an arbitrary decision on the way that the set Ps is parameterized. Moreover
switching between ¢ and 62 can mean an MVRS that is zero, positive or undefined. Since MVRS is
derived from changes in Eg[Cy(S) — C5(S)], it is related to changes in the optimal solution zs(S)

as ¢ increases from 0. We analyze these changes via the following definition.

Definition If for almost all samples S, DRO has a unique solution and there is some constant
vector y(S) with
25(9) = 20(S) +5(S5)6 + O(5?),

then we say that problem DRO exhibits linear variation with direction y(.S).
We now state a general result that will be used to establish both necessary and sufficient condi-

tions for incremental improvement of SAA using robustification.

LEMMA 1. Suppose DRO ezhibits linear variation with direction y(S). Then for almost all sam-
ples S
Cs(8) = Co(S) + Ve(wo(5)) '9(5)d + O(5?)

and MV RS = —Es[Ve(zo(S))"5(S)]. If the robustification incrementally improves SAA then

Es[Ve(zo(S)) ' 9(S)] <0.
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Conversely, if

Es[Ve(xo(S)) T5(S)] <0, (4)

then the robustification incrementally improves SAA.

Lemma 1 is a simple consequence of the first-order variation in x5(S) at § = 0. To verify lin-
ear variation and evaluate Vé(zo(S)) " 4(S) for specific instances of ¢(z,£) and different forms of
robustification, we require some more assumptions on the form of ¢(x,£) and X. The following

assumptions will be assumed to hold throughout the rest of the paper.

ASSUMPTION 2. ¢(z,§) =32 Hr+v(§) "z +u(f) for some deterministic positive definite matriz

H;
ASSUMPTION 3. X =R";

Under Assumptions 2 and 3, the “true” problem we seek to solve is
SQP: mingepn Ep[ia" Hz +v(€) "o +u(€)).

The objective function of SQP is ¢(x) = sz " Hx + vz + u, where v = Ep[v(£)] and @ = Ep[u(€)].
The gradient Vé(z) = Hx + v, and the unique solution to SQP is z* = —H ~'4.

Given a sample S ={&;,&,...,&x}, the sample average approximation of SQP is
SAA minxew (%$TH1' —+ ﬁo(S)TIL' —+ ao(S))

where 7y(S) = Ep,[v(§)] and @y(S) = Ep,[u(§)] are the sample averages of v(§) and u(§). The
unique solution to SAA is x¢(S) = —H '9,(S). Since Eg[t,(S)] =, it is easy to see that xy(S) is
unbiased for any probability distribution on . On the other hand, if H depends on £ then the
solution to SQP is #* = —H 19 and that of SAA is ¢(S) = —H (S)%,(S) where H = Ez[H (£)] and
H(S) =Eg,[H(£)]. In this case the estimator —H (S)*7,(S) will in general be biased. Similarly, if
X is a proper subset of R then x4(5) is generally biased, even if Assumption 2 holds.

Given a sample S, the distributionally robust version of SAA is
DRQP: min,ern (32" Hz + SUPgep, Eo [v(€) "z + u(€)]),

where Ps is a set of probability distributions that are close to Py. Recall that %xTH x is strictly
convex and supgep, Eg [v(§) "z +u(£)] is a convex function of x, so DRQP has a unique solution,

denoted x5(5).
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LEMMA 2. Suppose DRQP exhibits linear variation with direction y(S). Then for almost all

samples S

C5(8) = Co(S) = (2(S) —0) ' 5(5)5 + O(5%)
and MV RS =Eg[(0o(S) —0) ' 5(S)]. If the robustification incrementally improves SAA then
Es[(%(S) )" 5(5)] >0,
and if Es[(vo(S) —v) "5(S)] =0, then

lim Eg[(30(S) —7) T (25(S) — 20(S))] /8% > 0.

6—0

Conversely, if
Es[(20(S) =) 9(S)] >0, (5)

then the robustification incrementally improves SAA.

It is interesting to observe that the formulae for incremental improvement do not explicitly
depend on the constant term u(§), its expectation @ or sample average 4 (.S). Indeed the optimal
solutions of SQP and SAA are independent of the constant terms, and so we can assume that
u(§) = 0 when solving SQP and SAA. In what follows we will in general assume that u(§) =0,
and construct distributionally robust versions of SAA that do not include this constant term. It is
important to realize however that the optimal solution z5(.S) to DRQP will depend on the constant
term, and so g(.S) will implicitly account for the constant term. We will illustrate the difference
this makes in the next section.

To apply the inequality (5) in Lemma 2 we require a formula for the vector y(S) that defines
the direction of linear variation. This depends on the sample and the particular form of robustifi-
cation. In the following sections we will derive expressions for §(S) using three different versions
of robustification. Observe that (5) will remain true for any positive scaling of 4(S).

In what follows, we apply Lemma 2 to models that robustify SAA using ¢-divergence, conditional
value at risk, and a Wasserstein metric. In the first two cases (and for part of the Wasserstein discus-
sion) the distribution Q € Ps will be confined to be a finite distribution with weights ¢1,¢a,...,qx

on the sample points in S. This gives
DRQP: mingex 32" Hz + Quax(2),

where

Qual@) = max 3 qu(&) T

(91,92,---,9N)EPs
To determine a direction of linear variation in these models it is convenient to make the following

assumption that we will require for all instances of DRQP that use such a set P;.
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ASsuMPTION 4. {v({(w)):w € Q} has a density f with support having n dimensions.

Given a random sample S = {;, &, ..., {x} with each element drawn independently from P and

SAA solution z4(S), we can order the elements of S so that

(&) 20(S) S (&) Two(S) <. Sv(En) "o (S).

We say that S is strictly ordered by SAA if

v(€1) Tmo(S) < (&) Two(S) < ... <v(En) w0 (S).

PROPOSITION 1. Under Assumption 4 the set of samples S = {{1,&a,...,&n} that are strictly

ordered by SAA has probability measure 1.

3. Phi divergence

Distributionally robust optimization using ¢-divergence works with finite distributions, say v, =
(QIv qo,y -y qN) and V;D = (p17p27 "'7pN)7 and deﬁnes
N 0
o) =m0 (2) ©
i=1 ¢

for ¢ a convex function defined on [0, 00) with ¢(1) =0 (and achieving its minimum there). Given

the sample distribution Py, we may define

Ps ={Q:d4(Q,Py) <4}

Note that because (6) is not symmetric we obtain a different set Ps depending on whether Py is
chosen to be v, or v, in (6). We first study an example (total variation) where ¢(t) = [t —1] is

non-smooth, and then consider general analytic functions ¢.

3.1. Total variation
Given a sample S = {&;,&,...,&n}, and ¢(t) = |t — 1|, we define Ps C {Q: supp(Q) = S}, by

N

Ps = (@102, 10x): Y

i=1

1
<6
%= 3| =0

Recall x4(S) is the solution to SAA, and by Proposition 1 we have

v(&1) T o(S) < (&) Tz, (S) < ... <v(én)z,(9),

for all samples S apart from a set with probability 0. For the samples S that are strictly ordered
by SAA we let R(S)=v({y) —v(&).
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LEMMA 3. DRQP exhibits linear variation with

3(S) = —%H‘lR(S).

For 6 > 0 sufficiently small

VRS(8) = B[ (5~ 50($)) HR(S) ~ & R(S) H'R(S)]

and

MVRS= %Es[(@ —5o(S))TH'R(S)]. (7)

This robustification incrementally improves SAA if
Es[(7—(S5)) " H™'R(S)] > 0.

To illustrate the formulae in Lemma 3, consider a one-dimensional production optimization
problem with prices given by g(§) and costs $22, so ¢(z,§) = a? — g(&)x. We assume that g(£) >0
almost surely. We may take S = {&;,&,,...,&{x} ordered so that

g9(&) > 9(&) > ... > g(én).

Let go(S) =+ Zf\il g(&;). We can take H =1 and v(§) = —g(&) in our previous analysis and obtain

the following result.

PROPOSITION 2. Suppose c(z,€) = 32 — g(&)x and g(§) > 0 almost surely, then total variation

robustification gives
VRS(6) = (8/2)cov(go(S), R(S)) — (67 /8) Es[R(S)?], (8)

where R(S) = g(&1) — g(&n). If the distribution of prices g(§) is symmetric about its mean then
MVRS is zero and VRS(6) <0 for all §. If cov(go(S), R(S)) >0 then there is incremental improve-

ment.

Proposition 2 shows that robustification using total variation always makes the solution worse
when the price distribution is symmetric. In contrast, when there is a skew in the distribution of
outcomes we can expect to see cov(gy(S), R(S)) # 0. For small § this is the dominant term and will
determine whether or not there is incremental improvement.

We can observe that if the distribution of g(£) has significant weight in the right tail, then
both the mean and the range are large when there is a sample point that happens to be far

out in the tail. This suggests that the range is positively correlated with the mean, and hence
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Es[(g — go(S))R(S)] < 0. A robust solution takes weight from a high outlier and moves it to the
lowest value. On average these moves improve the solution.

To study the effect of skew in the distribution of g(§), we will work with the random variable
W = g(&) — g which has mean 0. Let W have density f(w) and cumulative distribution function
F(w), and define Q(z) = [~ w f(w)dw. The following result is established using order statistics to

determine an exact expression for MVRS.
PROPOSITION 3. Suppose c(z,€) = 32> — g(&)x and g(§) > 0 almost surely, then total variation

robustification gives

MVRS= % / T (FEY = (L= FE)Y ) Q=) ()

It is possible to precisely identify a set of distributions where a right skew will guarantee a
positive value for MVRS independent of the size of the sample N. The condition we need compares
densities on either side of wy, which is defined as the median of W where F(w,) = 1/2. Specifically
we compare the density at w = wy — v for v > 0 with the density at F~!(1 — F(w)) where this

expression is simply wg + 7y in the case that W is symmetric.

PROPOSITION 4. If f(w) > f(F~'(1 — F(w)) for all w < wy with strict inequality for some w,

and g(&) >0 almost surely, then total variation robustification incrementally improves SAA.

We finish this section by discussing an example to illustrate the effect of the constant term u(§)

on incremental improvement.

Example 1 (Estimation in one dimension): We consider the estimation problem we mentioned

earlier where the objective is Ep[(z — £)?]. In one dimension we have
SP: min Ep[z® — 26z + £7]
with optimal solution z* = Ep[{]. The SAA problem is
1 X
. : 2 - 2
SAA:min (:g —2060(S) + Zlg) .
We can neglect the term u(£) =& in SP to give the problem
SPO: min Ep[2” — 2]
which has the same optimal solution as SP. The corresponding sample average approximation is

SAAQ: min (2% — 22,(9)) .
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If the distribution of £ is symmetrical about its mean then Proposition 2 shows that robustification
of SAAQ with total variation makes the solution worse.
Now consider robustification of SAA (including the constant term) where Ps is defined by total

variation. This gives

N N

min  sup <x2 —2) g+ Zqisi?) :

=1 =1
with solution x;5(S). The presence of the term ¢;&? affects the solution of this problem. Consider a
sample S = {&1,&a,...,En} where these are ordered. Given any = we denote 4,,;, = arg min; |§; — x|,
and i, = arg max; |§; — x| (the points closest and furthest from z respectively) The inner problem
adds a weight of g t0 Qinax and subtracts that weight from ¢; . . Under Assumption 4 4., and ¢pyax

are uniquely determined at x = x,(S) = &(S) for almost all samples S, and since they remain the

same for small §, we have
)
$509>“$009)=:§(5mmx“fqu)

Thus we have shown linear variation with 7(S) = ({0 — &iin)/2. Suppose & has mean 0 then
we can deduce from Lemma 2 (noting v(§) = —2¢ here) that robustification of SAA with total

variation gives incremental improvement if

Es[(Eimmax — Eimn )60 (S)] <0

We can illustrate the differences between robustifying SAA and SAAQ with a simple example.

Suppose £ has a uniform distribution on [—3, 3] so F(§{) =£+ 3, and f(§) =1. Consider a sample
size of N =3, giving &; < & < &;.

Here z,(S5) = &(S) = 25245 Tt is not hard to show that in this case & is simply the middle
point &. This is because the order & < & < & implies both &(S) — & < &(S) —& and &(S) —& <

53 _EO(S) Thus
& =& :{53_§gif52<51'553

§1—&if &> %
The joint density of &, &, &3 is f(&1,&2,&3) = 6 over the region {(£1,&2,&3) | & <& <&, & €[—1, 3]}

This gives
$+y+
Es[(Eimax = Eimnin)E0(S /1/ / 3 ————)dzdydzx
bl 2y x

/m /y o 6(x— y)(%)dzdydm

so robustification of SAA will give incremental improvement in this case (with a symmetric distri-

bution) O
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This example shows that it is possible to add a random term to SAA that has no effect on the
optimal solution z((S) to SAA, but will affect 25(S) when we robustify the problem with § > 0. We
note that in this example of estimating E[], robustification of SAA using total variation improves
out-of-sample performance even for large §. If § =1 — %, then the worst-case distribution sets ¢; =0
except for the first and Nth order statistics (§; and £y) that have ¢ = qy = % When ¢ has a

&1+EN
2

uniform distribution, the estimate of the mean has a much lower variance than the sample

mean &y(S) (see (Lloyd 1952)).

3.2. Smooth phi-divergence
We now consider the case where ¢ is an analytic strictly convex function with ¢(1) = ¢'(1) =0,

and ¢”(1) > 0. Given a sample S, we define Ps; C {Q: supp(Q) C S}, by

735:{((]1,Q27-~~7(IN)3Z¢(N%‘) < N§*}.

i=1
Observe that we have chosen to parametrize P; using 62 on the right-hand side of the inequality.

Let us denote N
1 _ _
V(S):NZ(U(&)—vo(S))(v(éi)—vo(S))T~ (10)
=1
We now have the following result.

PROPOSITION 5. For any analytic strictly convex ¢, DRQP with ¢-divergence robustification

exhibits linear variation with

2N HOV(S)H ()
19=(715) s r v nET

Example 1 (Continued): We return to the problem

SPO: min Ep[z* — 2£x]
with corresponding sample average approximation
SAAO0:min (2° — 22&(5))

given a sample S ={£;,&,...,&v}, and §(S) = + Zjvzl &;. Now consider a distributionally robust
version

DRO: min sup Eq[z® — 2€x],

r QE'P(;
where P; is defined by modified x? distance, with ¢(t) = (¢t — 1), and dy (Q,Pg) = NN, (¢: — %)
Applying Proposition 5 with v(&§) = —2¢&, gives
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where

1 N

V()= > (&—&(S)",

i=1
the standard deviation of the sample points. We can compare this with the solution to DRO for

small § which can be computed analytically (using Lemma 4 in (Philpott et al. 2018) with r = %):

S)) 9

51 %
z5(S) Z \/W JN

so there are no O(6?) terms in this case. O

Proposition 5 allows us to identify the condition for incremental improvement given in the
Proposition below. Note that the condition is the same for any choice of analytic ¢ function, so
that whether we use Kullback-Leibler or some other phi-divergence will not change the incremental

improvement property.

PROPOSITION 6. Robustification with smooth phi-divergence gives incremental improvement in

SAA for any analytic strictly convex ¢ if

B [<v0<s> —0) HV(S)Hw(S)

(0o (S)TH-1V(S)H 0o (S))*
We can apply this to the scalar case where c(z,§) = 22 — g(&)z. Let o(S) =
(% > (9(&) —EO(S))2>1/2 be the standard deviation of the g(§;) values in the sample. Then we

obtain incremental improvement if Eg [0(5)(g,(S) —g)] > 0. Notice that for any symmetric distri-
bution Eg [0(S)(g —7,(S5))] =0 and MVRS will be zero.

4. CVaR based robustness

Distributionally robust optimization can also be based on a coherent risk measure p where we solve

min ple(z, )]

zeX

which can be reformulated as

min sup Eq [c(x,
mip sup Eo [e(r.)]

for some convex set Ps of probability measures on the discrete set {c(z,¢;): & € S}. We shall focus

on the particular risk measure

ple(@,§)] = (1= 6)E[c(z, S)] + 6CVaR, _a[c(x, 5)].
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Here Ps is a polyhedral set of probability measures that depend on §. For example if o = %, then
Ps is the convex hull of the NV points (%‘5,1—;,5,...,%) +de;, i =1,2,...,N, where ¢; is the i'th
unit vector.

As in the previous section our analysis will be applied to ¢(z,£) = 2" Ha +v(§) '@, where H is

positive definite and we ignore the constant term that arises from (). Recall the formulation
DRQP: mingcx ( 2T Hr 4 Quax(x )) )

where

Qmax (x) = max Z ql 51

(91,92+--,9N)EPs 4

We obtain the following optimality conditions for this problem.

LEMMA 4. The solution to DRQP with C'VaR robustification satisfies
5(S) € —H " (1= 0)9(S) + 0G cvar(@s(S5))) (11)

where Gcvar(x) is the subdifferential for CVaR, . [{v(&) x}]. When
CVaR,_, [{v(&) x}] is differentiable at x5(S) with derivative ovar(S) then

25(8) = —H " (1 - 8)5(S) + 65cvar(S)) - (12)

We can apply a similar analysis here to that used in the total variation phi-divergence section.

Recall that SAA has a unique solution z4(S) = —H !0y, and if we order S ={,&,...,&n} so that

v(&1) "@o(S) 2 v(&2) "o (S) > ... = w(Ew) @o(S),

then under Assumption 4 Proposition 1 gives

v(&1) T 20(S) > v(&) Txo(S) > o > w(En) Tao(S) (13)

except for a set of samples with probability 0. It is convenient in this section to arrange v(&;) "z (S)
in decreasing order. For the samples satisfying (13), CVaR,_,, [{v(&) "x}] is differentiable at z4(S),
with derivative

Uovar(S) =

223 w(E) + (- T yu(en,), (14)
where m, = [aN]| —1.

PROPOSITION 7. Suppose c(x,§) = a" Hz+v(£) "a. Then DRQP with CVaR robustification has

linear variation with

y(8) =—H " (vcvar(S) = 1o(S)),
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where Vovar(S) is defined by (14). Also

VRS(5) = Es[0(0 —00(5)) " H ™" (Dcvar(S) — 70(S))

—%(ECV(LR(S) —00(8)) " H  (vcvar(S) — 10(95))],

qiving
MVRS=Es[(0 —10(S))"H " (vovar(S) — 10(S))]
with incremental improvement if this is positive.

If we consider v(§;) as the set of sample vectors, then this result expresses the MVRS value as
the expected value over samples of a product involving the vector difference between the real mean
and the sample mean, the inverse of H, and the difference between the high cost elements in the
sample (that are represented in CVaR) and the sample mean.

From this result we can derive the following result for the one-dimensional case.

PROPOSITION 8. Suppose c(x,£) = 32° — g(&)x, where g(§) has a density with mean g and vari-

ance 0°, and let go(S) = + S 9(&) and a € (0,1]. Then with CVaR robustification

2

MVRS = GN +Es[(g0(S) — 9) CVaR,_o[{—s9n(g0(S))g(&) }H]-

In this scalar case it is possible to derive a more explicit form of MVRS if we know the distribution
of g(£), and we can assume that go(.5) is always positive. We define W = ¢g(§) — g, having a density

denoted f(w) and cumulative distribution function F'(w). This gives the following result.

PROPOSITION 9. Suppose c(x,§) = 32° — g(§)x where go(S) >0, and we solve DRQP with CVaR

robustification where oo € (0,1]. Then
2 0o
MVRS=7 —/ Q(2)(1 = F(2) V1A, (2)dz,

where Q(z) = [~ wf(w)dw, and

Au(z) = $V+;(N—1)(1f(bf()z))
1 (N=1)(N=2) F(2)?
TaN 2 (- F(2)?
Me. [ N—1 F(z)ma
+...-|—(1—aN)< M., )(1—F(z))ma’

where my, = [aN] — 1.
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There are some observations we can make in relation to the condition go(S) > 0. This is included
in order to ensure that x(S) > 0 and hence that it is the left rather than right tail of the g(¢)
distribution that appears in the CVaR term. We can usually assume that g,(.5) is close to the mean
of the g(§) distribution for reasonable sample sizes. This is often enough to make the probability
of go(S) < 0 extremely small. In these cases we can take the expression for MVRS as a good
approximation for the exact value. There are other cases in which g,(S) < 0 with probability close
to 1. When this happens there are alternative formulae (which we will not give here) obtained
through defining W =g — g(&).

We now study some examples of MVRS for the one-dimensional problem with ¢(x, &) = %1‘2 —
g(&)z. The formula in Proposition 9 shows that MVRS will be positive if the second term is small.

There is a connection here to skew in the distribution of g(§). We consider an example with a large

right-hand skew and show that MVRS is positive.

Example 2 (exponential distribution):

Suppose g(£) is exponentially distributed on [0,00), so §=1,0% =1. Then f(w)=e~“+Y over

the range (—1,00). If we robustify with CVaRl_%(g“) then o=+, A,(z) =1 and
MVRS = % - P Q)
-1
— i _ = —z—1\N
v/, (e )V (z+1)d=.

Now [Z(e7* )N (z2+1)dz= [;” e V" wdw and integrating by parts shows this has the value <.

Thus MVRS = J\]'Vgl >0 and the CVaR robustification is incrementally improving. O

It is not necessary to consider examples with a skew to end up with MVRS positive, and we now
consider three symmetric examples to give a better understanding of the behavior of MVRS with

CVaR robustification.

Example 3 (uniform distribution):

a?

We take g(£) to be uniform on [0,2a]. Then g = a and we obtain F uniform on [—a,a] so 02 = %

fw)=2, F(w)=%2, Q(2) = £ (a® — 2?). Then

a’ 2a

a? @

MVRS = N~ (1—-F()N'Q(2)dz

—a

= 2a° L !
B 6N (N+1)(N+2)
which is positive when N > 2 showing that the CVaR robustification is incrementally improving in

this case. OJ



Anderson and Philpott: Improving sample average approzimation
Article submitted to INFORMS Journal on Optimization; manuscript no. MS-0001-1922.65 19

Example 4 (normal distribution):
Consider a univariate example with a normal distribution where g(¢) is an N(u,0?) random

variable with p large enough that we can ignore the possibility of negative sample values. Then F

is an N(0,0?) random variable, with f(£) = —=exp(35z ) Now
| —u? o —2z?
Q)= [ - mexp( o = = exp(5 ) = ().

Thus we can approximate MVRS with

P 2 0

MVRS =~ [ (1= ()" @) Aa(a)d
The approximation arises from taking the sgn(go(S)) term in Proposition 8 as always being 1. As
1 gets larger the probability that this fails becomes vanishingly small. In Appendix 2, we show
(Lemma 13) that

| a-rey e 1

o0

which gives MVRS = 0. O

Example 5 (mixture of univariate normal distributions):

We consider a case where £ is univariate and g(&) is formed as a mixture of two normal distribu-
tions having the same mean (large enough to ensure that gy >0 with very high probability). Thus
W has density f(w) = (fi(w) + fo(w))/2 where f,(w) = = exp(5% 2). Then o? = (te2)

—w? 1 —w

:
N /_oo o1 exp( 202 )+ oy exp( 202

2

)dw

and

Q) = (1/2) [ () + folw) o
— (1/2)(02 () + 02 a(2).

Taking a=1/N, we can approximate the value of MVRS (using the same argument as in Example

4) by

NVRS = L D [ 02 (2) + A~ (Ri2) + Fale)/2) e

— 00

2 2

(i +03) 1 /°° o —z P
=y 2 )\ Pl T gy plggg)
—u2 1 —u? Nt
1-—— — — d dz.
X < Nor ( exp( 207 )+ P exp( 207 )> u) 2
We can evaluate this numerically. For example, if 0y =1, 0 =2 and N =3 we obtain MVRS

— _4.33% 1072, and if N =5, MVRS = —7.50 x 10~2.
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We see that in comparison with a normal distribution, the heavy tails introduced by taking

a mixture of normal distributions makes MVRS negative and the overall performance of this

robustification worse. O

Comparison of the three cases we have considered, each symmetric about its mean, suggests that
for a univariate problem with CVaR robustification the normal distribution effectively acts as a
division point, with incremental improvement failing to hold if the distribution has heavier tails

than the normal.

5. Wasserstein metric

Distributionally robust optimization using a Wasserstein metric chooses

Ps ={Q: dw(Q, ) <},

where dy (Q,Py) is the cost of a minimum cost transportation plan from one probability distribution
to the other. Formally we have the Wasserstein distance from a distribution v; on the set M C R™
to a distribution 14, also on the set M, defined as
dw(v1,v2) = min / 21 — 2l (e, 22) (15)
veT(v1,v2) Jare s
where I'(vy, 1) is the set of all measures on the product space M x M with marginals v; and
vy. I'(vy,15) can be thought of as a transportation plan with a density at (z1,2;) in M x M that
represents the probability mass moved from point z; to point z;. We will apply this robustification
to DRQP assuming a FEuclidean metric, and consider problems where the underlying set M is a
closed and bounded convex set in R™ (so that when m =1, M is an interval.)
In distributionally robust optimization the inner problem is to choose a distribution on M maxi-
mizing the expected cost subject to a bound on the Wasserstein distance to the sample distribution
Py (which has equal probabilities at each of the sample points &;,&,, ..., &y ). This gives the following

inner problem:
P:maxqg  Egle(x,§)]
subject to  dw (Q,Pg) <o

in which the expectation is taken over the random variable £ in R™ with distribution Q.

The simplest version of DRQP in the Wasserstein setting requires Q to have the same support
as Py. As this bears a close relation to the previous two sections we will discuss this first. We
write {q1,qa,...,qn} for the probability assigned by Q to points in S which gives a transportation

problem that has optimal value

. N N
MMy, Zi:l Zj:l Wig ”gl - gj ||
1 .

: N
dw (Q,Py) = subject to ngzlwij:ﬁ’ 12172,“.7]]\\];

Zi:lwij:q]', 1=12,...,
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In DRQP, recall

B max Zfi qv (&
Qmax(2) = { subject to dW(l@aPO)

which is equivalent to setting g; = Zf\il wi;, Jj=1,2,...,N, where w;; is the mass transferred

) @
<6

from point ; to point &; and solves

N N T
WP: max 2?12%'\717”1‘]‘“(5]‘) x
subject to D, Zj:l wi; (& — &1l <4,
Z;,Vzlwij:%, ’Lzl,,N
Since WP is a linear program, it has an optimal basic solution with N 4 1 basic variables.

For small § the optimal solution will thus have w;; basic for each ¢, and choose a single ¢ # j

and w;; =0/ [|& —&;|| so that w;; shifts probability from point ; to point §; so as to maximize
T

v ; r—v i TCL‘
o&) v e giving indices i =k, j =[. The optimal solution to WP is then to set

[[&—¢]|
Lo/ =&, i=k,j=k
W;; = ¥ ¢ JI J .
T k#i=j,
0, otherwise

Observe that the choice of indices k and [ is dependent on x, but for small § we expect under
v(e;) T ws(9)—v(E) Tas(5)

Assumption 4 that for almost every sample S, ==
i=&j

will give the same indices as
v(;) 20(S)—v(E) o

lei=¢]]
q to ~ +0/[|& — &l and decrease g, to  — 8/ [|& — & This means that

25(8) = 20(8) = —H™ Y (€) + H 3" o (€)
_ v (&) —v (&)
O Ta—al

T T
sog(S)=H ‘1%, where k and [ are indices giving the highest value of . 0‘(‘?72(5”’“) 20(5)
i=&;

and Lemma 2 yields

s . . . . .
( ). The net effect of robustification applied to almost every sample is to increase

B N ()]
MVRS = Es(un(8) ~2)" B e =)

In the previous two sections the structure of the cost function with respect to the random
variable £ has not been critical to incremental improvement; everything has been determined by
the set of cost functions c(x,&;) evaluated at the sample points. For Wasserstein robustification
we need to pay attention to the behavior of ¢(x,&) with respect to changes in £. For example if
c(x,€) = 2a® — g(§)x where g is a strictly convex and non-negative function of £ then for positive
values of © Wasserstein robustification moves weight from &, with a high value of g to some £ with

a lower value that is not too far away. In this case

19 (&) — g (&)l

MVRS =Es[(90(S) — 9) & — &

.
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We now move to the general case where the support of Q is not constrained, so robustification
will allow movements in the sample points ;. As observed above, the behavior of ¢(z,£) with
respect to changes in £ affects the out-of-sample performance of Wasserstein robustification. Often
we will take z fixed and it is convenient to write c¢,(z) for c¢(x,z), where we use z to denote an
element of the set M that contains §. We assume throughout that c,(z) is differentiable at all
zeR™.

Using (15), the inner maximization problem P is equivalent to solving

maxg,  Egles(2)]
subject to [, . llz =&l dv(z,§) <9,

Since v € I'(Q, Py), the set of all measures on the product space M x M with marginals Q and Py,
it has a discrete distribution as one of the marginals, and we may specify it through specifying the
distribution that each of the sample points & matches to under . More precisely we can rewrite
v €T'(Q,Py) in terms of components ~; that are measures on M with v; = ~(+,&;). Since Py has
mass 1/N at & we have v;(M) =1/N, and the probability measure Q is obtained from adding
together the components from each sample point, Q = Zfil s
It is convenient to scale the individual components ~; so that they are probability measures:
Q; = N+, (with the scaling of N applied so that total mass of Q; is 1). We can then write P as
P: maxg, + SN B, ea(2:)]
subject to SN Eg, [z — &l <6,
where z; is a random variable with distribution Q;.

We make use of a result of Gao and Kleywegt (2016, Corollary 2, part iii).

PROPOSITION 10. (Gao and Kleywegt) If there is an optimal solution to P, then there is an
optimal solution with an index iy such that for every i # io, Q; has weight 1 on a point zf €
argmax.ear{c.(2) — N ||z — &||} where \* >0 is the Lagrange multiplier for the constraint in P,

and Q;, has weight on at most two points in argmax.ep{c,(2) — A" ||z — &, }-

In the case where c, is strictly concave in z we can be more explicit about the solution of P. In
this case we can think about contour surfaces of ||Ve,(2;)|| in M for varying values of 6. In the
solution to P all the points outside such a surface are moved inwards to lie on that surface and

points inside the surface are not moved.

PROPOSITION 11. When c,(z) is strictly concave then P has a solution in which each Q; has
support at a single point z; € M. If we write J = {i: z; # &} for the points that move, then (a)
Veo(2i) = ai(zi — &) for some scalar o; for i€ J ; (b) [|[Veo ()| = |Veo(z))|| forie J and j € J;
and (c) Ve (z)|| > [|[Veo (&) fori€ J and k¢ J.
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When we do not have a strictly concave cost function ¢, then the types of move that occur are
in general more complex. For example in the case where c, is convex the inner maximization sends
weight at z; to a point on the boundary of the region M. For small § we will find that just one
point is changed, with some weight left at its original position and a small part of the total weight
moved to a point on the boundary of M. In general we will not want to have such a dependence on
the boundary of M, since in many problems the choice of boundary will be somewhat arbitrary.

Our next result shows linear variation for the Wasserstein form of DRQP given that c¢(z,z) =
;0T Hz+v(z) x. Note that Ve, (2) =37, 2;Vv;(2) and ¢, (2) is strictly concave if each component
of v is strictly concave and each x; > 0. We write J,(z) for the Jacobian matrix for the vector
function v :R™ — R™ so the ij th element of J,(z) is %’;. Thus the elements of the vector Vv, are

on the i’th row of J,(z) which is an n x m matrix.
PROPOSITION 12. With the Wasserstein distance metric if every component of v(z) is strictly

concave then for x € R, DRQP exhibits linear variation with

UL () (S)TH 0y (S)
1) = e () B w(d)]

where £°(S) =&,, is a sample point with the largest gradient norm for the cost function evaluated

at the SAA solution xo(S) (i.e. io =argmax; ||V.(v(&)TH5,(9))|| ).

Proposition 12 simplifies when z is a scalar, where we have ¢(z,§) = 2% — g(§)z. Then H =1,
and, writing go(S) = (1/N) 3.1, 9(6),

~Vg(€(5)) V(£ (5))g(S)
190(S)Vg(£-(S))ll

y(5) = =—1[IVg(& ()l

provided we have go(S) > 0.

PROPOSITION 13. (a) When c(x,§) = 12 — g(§)x and g is a strictly convex and non-negative

function of £ then
MVRS =Es[(50(S) —9) IVg(&"(9)Il]

where £*(S) = argmaxe,es{[|Vg(&)||}-

(b) In the case that c(x,&) = sa* — & and the & values are realizations of a random variable which

is non-negative and has density and cdf given by f and F', then

MVRS =2(N —1) /0 N ( / T uE ()N f(u)du> 2 f(2)dz
+2 /000 PE()N " f(2)dz — 2N </OOO u2f(u)du> /Om 2F(2)N 1 f(2)dz.
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Note that part (a) of this result is similar to the formula in the total variation case, but we
have the sample range R(S) replaced by the maximum of |[Vg(&)]|, & € S. There is very similar
behavior here to that we have seen in other cases. If there is a skew in the underlying distribution
of £ towards values with high values for g(£), then we can expect to see samples where there is an
outlier producing both a high value for go(S) — g and also a high value for ||Vg(£5)]]. This will give
a positive correlation between the two and hence a positive value for MVRS. This is illustrated in

the example below.

Example 6

2

We suppose that c(z, &) = t2? — £z and the underlying distribution of the random variable £ is

1
2
exponential with mean 1, so f(§) =e~¢, F(§) =1—e75. Thus

MVRS =2(N — 1)/ (/ u(l— e_“)N_2e_“du> 2’e*dz
0 z
+ 2/ 2(1—e )N te?dz — 4N/ z(1—e )N te dz
0 0
since fooo u?e"du=2. When N =5 we can numerically evaluate the integrals and obtain MVRS

=2.497. g

6. Conclusions and discussion

The application of robustification to stochastic optimization problems to improve mean out-of-
sample performance has been widely reported in the literature. Robustification has value from a
risk reduction point of view, but it may also have value for a risk neutral decision maker. This
paper contributes to our understanding of why this is the case.

Empirical evidence from many different studies has shown that a small amount of robustifica-
tion can improve out-of-sample performance, so our analysis focuses on what we call incremental
improvement, that is improvement in performance as the size of the distributional uncertainty
set increases from zero. Incremental improvement arises from changes in the minimizing point.
In many cases, namely those with linear variation, we can define a directional derivative of the
minimizer that can be used to quantify incremental improvement, and evaluate the improvement
in out-of-sample cost to first-order, expressed as the marginal value of robust solution (MVRS).

To illustrate the concepts, we quantify incremental improvement and MVRS for several exam-
ples, all with convex quadratic objective functions. MVRS depends on the form of the linear
term in this objective function, the version of robustification applied, and the underlying “ground-

truth” probability distribution. Our analysis shows that incremental improvement cannot be taken
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for granted and different robustification approaches applied to the same problem can give MVRS
values having opposite signs. We also show by example how adding a random constant to the objec-
tive function of an optimization will change the optimal solution of the robustified problem while
leaving the optimizers of the “true” problem and its sample-average approximation unchanged.

To understand the impact of small amounts of robustification, we can summarize the changes
made on the SAA problem as follows.

1. For ¢-divergence, weight is moved from points with low cost to points with high cost with
the change in weight depending linearly on the cost values. For total variation, weight is removed
from the point in the sample that gives the lowest cost and moved to the point in the sample that
has the highest cost.

2. For CVaR robustification, weight is removed from all points in the sample and added to a
small number of points in the sample that correspond to high costs.

3. For Wasserstein robustification, provided ¢(z, §) is strictly concave in &, the sample point with
the largest value for the norm of the gradient with respect to £ is moved incrementally to a higher
cost position (the exact move depends on the function c).

These effects have a simple form in a univariate framework, when we have ¢(z,£) = 12 — g(£).
With sample S, the sample average approximation solution z4(S) is equal to go(S). Since each
of the different robustification approaches move weight to lower values of g(§;) (corresponding to
higher costs) we have x5(S) < xo(S). Though this introduces a bias in the value of Eg[zs(S)] we
can obtain improvement through shrinkage when there are larger moves to the left for samples with
high values of go(S) (and hence high values for z4(S)) than there are for samples with low values
of §o(S) (and hence low values for x4(S)). Hence we get an advantage when the sample mean is
positively correlated with the size of the change in optimal solution induced by the robustification.

When we consider the total variation form of the robustification it is only the tails that influence
the change that is made, and (xo(S) — z5(5))/0 is simply half the range of values in the sample.
Here any skew to the right in the distribution of g(¢) will induce a correlation that yields a positive
value for MVRS. For more general ¢-divergence we have similar behavior with skew to the right
in g(¢) leading to incremental improvement from robustification. We note that MVRS is zero for
symmetric distributions under ¢-divergence robustification, which does not hold for the other two
types of robustification.

For CVaR robustification the change in optimal solution, x¢(S) — z5(S), depends on the entire
sample average since weight is removed from all the points in the sample, except those at the left
hand end of g(&;). This produces the term o?/N that does not appear in the other robustifications
that involve changes only to the points at the two extremes of the sample. The value of MVRS for

CVaR robustification also depends on the left hand tail of the g(§). Where that tail is long, the
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existence of a point in the sample that is far out in the left tail means that there will be a small
sample average and also the CVaR robustification adds weight to a point far to the left. We end up
with a negative correlation between gy(S) — g and z¢(S) — x5(.S). This effect works in the opposite
direction to the o?/N term.

Examples for CVaR robustification show that when the distribution is uniform over an interval,
the 0?/N term dominates and MVRS is positive; when the distribution is normal the effect from
the left hand tail balances the positive term and MVRS is approximately zero; and when the
distribution is a mixture of normals having a heavier left hand tail than the normal, then the tail
behavior dominates and MVRS is negative. In loose terms we may think of the normal distribution
as a kind of boundary between cases where MVRS for CVaR is positive or negative.

For the Wasserstein robustification and convex g(£) the point where g has the highest gradient
is moved. This will be a point towards the extremities of the &; values (that in general occur in
a multivariate space) - and hence is likely to be where g(&;) is large and so costs are low. In the
special case of £ scalar and g(§) = &2 then it is the lowest cost point in the sample that is moved.
Consistent with our discussion so far we have a positive value for MVRS when the distribution of
£? has a positive skew.

We have shown how to quantify incremental improvement from robustification in univariate
examples using the “ground-truth” probability distribution. We may ask whether these results
give some guidance to a risk-neutral decision maker facing a stochastic optimization problem. In
practice, the true probability distribution of uncertain parameters will hardly ever be known, so
MVRS cannot be computed as we have done in this paper. However, there are often circumstances
when a decision maker has some knowledge of the underlying distribution that can be helpful in
predicting how robustification will perform. When analytical techniques are not applicable (and
assuming the DRO problem has linear variation), it may be possible to use statistical estimation
of MVRS from the data available. An alternative may be to carry out tests on synthetic data. The
key observation from our work is that different robustification techniques have different behaviors
that can depend on characteristics of the distribution. So it will be important to check whether
the underlying distribution is symmetric or skewed, and whether it has heavy tails. Then any tests
should be carried out using different robustifications on synthetic data that share the appropriate
characteristics.

A significant restriction in our analysis is the specific form of the objective function studied. First,
we have assumed a strictly convex quadratic function. This ensures uniqueness of the true solution
and that of the sample average approximation, which enables a simpler analysis of linear variation
and incremental improvement. If the optimal solution is not unique then a more complicated set-

valued variational analysis is required.
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We have also assumed that the objective function has no stochastic constant term and the
quadratic term in the objective function x " Hz is not stochastic. As remarked above the stochastic
constant term can alter the solution to the robustified problem. We have chosen to set this term
to be zero for simplicity, but for any form of this term one could carry out a similar analysis to
study the effect of robustification.

On the other hand if H is stochastic then the SAA solution will in general be biased. The
advantage of our treatment (with deterministic H) is that it avoids confusion between bias and
shrinkage. When there is a bias in the SAA solution it will be affected by the robustification, being

either increased or decreased depending on circumstances.
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Appendix 1: Proofs of propositions
Proof of Lemma 1

For the first part, for almost all .S, we have

Cs(S) — Co(S) = Eplc(x5(5),8) — c(x0(S),€)]
= Ep[[Voc(2,6)],s)] " (25(S) = 20(S)) + O((25(S) — 20(5))*)
= Ve(ao(9)) ' 5(8)d + O(8%)

by definition of Vé(xo(S)) and g(5), and since linear variation implies that x5(.5) — z¢(5) is O(9).
It follows that
MVRS = —Eg[Vé(zo(S)) "5(9)].

If E5[C5(S) — Co(S)] < 0 for 6 > 0 sufficiently small then we must have Es[Vé&(zo(S))T5(S)] <0.
Conversely if Eg[Vé(zo(S)) T5(S)] < 0 then Eg[Cs(S) — Cy(S)] < 0 for sufficiently small §, so we get

incremental improvement. O

Proof of Lemma 2

Linear variation with direction y(S5) and Lemma 1 gives
C5(S) = Co(S) + Ve(xo(S)) '5(S)5 + O(8%)
for almost every sample S. Substituting Vé(zy(S)) =0 — 9y(S) gives

C5(S) = Co(S) — (0(S) —v) " 5(S)é + O(82),

and
MVRS =Es|(5(S) —v) " 5(S)].
We have
Cs(S) = %:cg(S)THx5(S) + 0" 25(9) + .
C5(S) = Co(S) = %xg(S)THm(;(S) _ %:UO(S)TH:BO(S) + 0T (25(S) — 20(S))

_ %x(;(S)TH:L‘g(S) - %xO(S)TH:BO(S) T H (35(S) — 20(S))

= (¢" —20(5)) " H(zo(S) — 25(5)) + %(fva(s) —20(8))" H(w5(S) — 20(8)).
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Substituting © for —Haz* and vy(S) for —Huzo(S) yields

Bs[C5(5) ~ ColS)] = Bsl(00(S) ~ 1) (20(S) ~ 25(5)) (16)
+5(0a(8) — 20(8)) T H(xs(8) — 20(S))].

The substitution x5(S) — z¢(S) = 4(S)d + O(6?) gives
2

Es[C5(S) — Co(5)] = —Es[(3(S) — 0) "5(S)]6 + %ﬂ(S)TH.@(S) +0(8%).

In the limit of small ¢ the first term dominates and if Eg[(95(S) —v) " 4(S)] > 0 then the overall
expression is negative for small § and we obtain incremental improvement. Conversely if there is
incremental improvement, we need Eg[(9(S5) —v)"4(S)] > 0.

If Es[(99(S) —0)"9(S)] =0 then we need the second order terms in the right hand side of (16)
to be at most zero. Since £(x5(S) —20(S)) " H(x5(S) — 20(S)) > 0, we need the second order terms
in Eg[(0o(S) —0) " (20(S) — 25(S))] to be at most zero. It follows that

lim B (70(5) — 8) " (25(S) — 20(S))]/8* > 0
as required. ]

Proof of Proposition 1

Consider S ={¢&,&,,...,&n} with
v(&1) " 20(S) <€) wo(S) <. <v(En) To(S).

A sample S where there is equality v(&) 2o(S) = v(&41) 20(S) for some i, will have
{v(&),v(&), .., v(€n)} satistying

(0(&isr) —v(&) T H D (&) =0. (17)

j=1
The equation (17) defines a manifold in R™Y of dimension strictly less than nN. Since
v(§) has an n-dimensional density from which we sample independently, the joint density on
(v(&1),v(&),-..,v(€y)) has dimension nN. Thus the probability measure of the set of samples

satisfying (17) is zero. It follows that an ordered sample S satisfies
v(&1) T 20(S) < (&) 2o(S) < ... <v(En) w0 (S)

with probability 1. ([l

Proof of Lemma 3
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For an arbitrary = suppose we order the elements of a sample S ={{;,&s,...,&n} so that
v(&)Tz=...=v(&) T <v(&p) 2 <. <v(Eo) e <v(@)Tr=... =v(N) T

It is easy to see that

Quuax () =00(5) " z+ (6/2)(maxv(&;) x—nginv(&fx)‘

i

This is a convex function of z with subdifferential

OQmax(x) = 0o(5) +(6/2)G(x)

where
G(z) = conv({v(&), .., v(€n)}) + conv({—v(&1), ... —v(&k)})-

So an optimal solution z5(S) to DRQP satisfies
0€ Hxs(S) 4+ 10(S)+ (6/2)G(5(9)). (18)

Since G(z) is bounded, for any optimal solution z5(S) we have lims_,oz5(S5) = x0(5). Now under
Assumption 4, Proposition 1 implies that all samples S apart from a set with probability 0 are

strictly ordered by SAA, so

V(&) "20(S) <w(82) o (S) <. <w(én) xy(9), (19)

and so for the samples that are strictly ordered by SAA, and for § small enough we have (19) with
x5(S) replacing xo(S). It follows that for all samples S strictly ordered by SAA, the relationship

(18) becomes
Hs(5) +00(5) +(6/2)(v(En) —v(&1)) =

25(S) =—H "' (0(S) +IR(S)/2),

where R(S)=v(¢x) —v(&1). Thus for § small enough z4(S)is unique and
1
15(S) — 20(S) = — 3 H™R(S)5,

so DRQP exhibits linear variation with §(S) = —3H 'R(S). Furthermore

C5(S) = % (a:o(S) _ ;5H‘1R(8)> " (:UO(S) _ ;51{—13(5)) +oT <x0(5’) _ ;dH‘lR(S))
— Co(S) - gxo(S)TR(S) + 523(5) HR(S) — g@TH-lR(S)
()= 20— 50(S)THR(S) + 52R(S)TH‘1R(S).

2



Anderson and Philpott: Improving sample average approzimation
32 Article submitted to INFORMS Journal on Optimization; manuscript no. MS-0001-1922.65

Thus we obtain

2
VRS(6) = Es[g(@ —5(S))"H'R(S) — (;R(S)TﬂlR(S)].
So
MVRS = Es[(1/2)(7 - 90(S)) " H™ ' R(S5)]
with the remark on incremental improvement being immediate. O

Proof of Proposition 2

Since H =1, Lemma 3 gives for sufficiently small § > 0,

1) 52
VRS(9) = Es[5 (0 - 0(S)) R(S) — T R(S)°].
Since g(&) > 0 almost surely, we have Zy(S) > 0 for almost all samples S, and so for sufficiently

small §
R(S)=v(én) —v(&) = 9(&) —9(&n).

Now defining R = E5[R(S9)], we get

Es[(v—00(S))R(S) = Es[(90(S) — 9)(R(S) — R)]
= cov(go(5), R(S))

SO

VRS(6) = gcov(go(S), R(S)) - g]ES[R(S)Q}

and MVRS =cov(go(S), R(S5)).

In the case that the distribution of prices g(£) is symmetric about its mean then we can condition
on Rg and observe that for any sample with outcomes {g(&;),9(&2),...,g({n)} there is another
sample with outcomes {29 — g(&1),29 — g(&2),-..,29 — g(&n)} which is equally likely, in which each
outcome is replaced by an outcome at the same distance but on the opposite side of g. This
mirror sample has the same range but (g — go(S)) is reversed in sign since g — g(&;) is replaced
by g — (29 — 9(&)) = g(&) — g. From this we deduce that MVRS is zero, and thus Eg[C5(S)] =
Es[Co(S)] + (6%/8) Es[R(S)?], giving VRS(4) < 0 for all § > 0. O

Proof of Proposition 3

We have

MVRS = %E[@O(S) — 9)Rs)]

1 _
~ 9 [(2n — 21)7].
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where z; is the ¢’th order statistic of {g(&;) —g:i=1,....N}. By Lemma 12 in Appendix 2,
Elzy3] = / Q(2)F(2)1dz

and
E[217] :/ Q(=)(1— F(=)N1d=

which yields the result. l

Proof of Proposition 4
Let fbe the density for 15, the symmetric distribution matching f(w) for w < wy. Thus f(wo +
v) = f(wy —~) and F(we+7) =1 — F(wo — ), for v > 0. Define 7(z) = F~1(1 — F(2w, — z)) for
2 >wp and 7(z) = z for z <w,. Hence F(z) = F(771(2)), and so f(z) = f(r~1(2)) /7' (77 1(2)).
We know that F' has mean 0 and hence
0= / 2f(:)s = / g F ) / r{w)fw)du (20)
using a change of variable w =7"1(z) so 7/(w)dw = dz. We may write

| rtwiftwide = [ wfwins [ rw i

00 — wo

-/ Z"@wo -+ [ °° (w) F(w)duw

using symmetry for ]? So

/oo (7(2) + 2wo — 2) f(2)dz = 0. (21)

We will use Proposition 3 and we begin by rewriting the required expression in terms of F. From

(9) we have

MVRS = ;/m (FE @)Y~ (- B @) x (/m umdu> i

— 00

- ;/m (f(w)N’l —(1 —ﬁ(w))N’1> x (/j T(z)f(z)dz> 7 (w)dw

using a change of variable w=7"1(z) and z=7""'(u). Since 7(w) = w for w < wy, this expression
can be written

MVRS = % / OO (ﬁ(z)N—l — —ﬁ(z))N—l) ( / " wFu)dz + /w ?T(u)f(u)du) dz

% /w h (2 — (- P ( / h T(u)f(u)du> (2)dz.

0
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Let T'(z) = [ 7(u) f(u)du > 0 for z > wy. From (21)

T(wo) = /m () F(2)dz = /OO (2 — 2u0) F(2)dz > 0
wo wo
since the skew in the distribution ensures that wy < 0 and hence z — 2wy > 0 for z >
wp. Now observe that T'(z) begins by increasing in z while 7(z) < 0 and then decreases.
It approaches the value zero, for z large, and hence T(z) > 0 for z > w,. And thus
(ﬁ(z)N‘l -(1- ﬁ(z))N‘l) <f:o T(u)f(u)du> > 0 for z > wy.

Now from our assumption f(w) > f(F~*(1—F(w)) and the definition of 7 we obtain f(2w;—z) >
f(r(2)). But as F(7(2)) =1— F(2wo — z) we know that f(7(2))7'(2) = f(2ws — 2z). And hence our
assumption implies 7/(z) > 1 with strict inequality for some range of values. Thus we have

MVRS > % / " (P2 — (=P ( / Y Fu)de+ /w :OT(u)f(u)du> dz

%Zj (et~ (1= F(2)™ ) </°o T(u)f(u)du> dz.

Now F(w)N~!—(1— F(w))N~! is symmetric with a change of sign around z,. We can use the same
argument that established MVRS is zero for symmetric f to show the corresponding expression

for I is zero after shifting to allow for the non zero mean:

/_Z (ﬁ(Z)N_l (1= ﬁ(z))N_1> </:o(“ - wo)f(u)du> dw = 0.

We can subtract half this integral from the right hand side of the inequality to obtain

MVRS > % / " (F™ (- F(2)) ( / " wof(u)du+A> iz

— 00

v3 ] (== Py ) ([ =) Fag ) a:

where A = fljZ(T(u) — u+wo) f(u)du. We can use (21) to show that A = —=2, but we don’t use
this fact. We want to split the second term in these integrals into a symmetric and non-symmetric

part. We can write

MVRS > ;/_: (ﬁ(z)Nfl -(1- F(z))N*) (U(z)+V(2))dz

where U(z) = [*° wo f (u)du+ A for z <wy and U(z) = f;o wo f(w)du+ A for z > wy. Note that U
is symmetric around wy and is maximized at wq since wy < 0. Hence
(ﬁ(wo k)N (1= F(wy— k))N*l) U(wo — k)

—_ (ﬁ<w0 PRV (1= Fwe+ k))N*l) Ulw + k),
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and so [~ <}?(z)N*1 —(1- }?(z))]\“l) U(z)dz=0.

Also V(z) =0 for z <wy and for z > wy we have

V() = / (1 () — o) Flu)du — ( /w wof(u)du+A>

= [ 2= rlw) + ) fwdn

wo
So, from (21), V(o0) =0. Now 7(u) 4 229 — u has derivative 7'(u) —1 > 0 and because the integral

n (21) is zero, we can deduce that 7(u) + 2w, — u starts negative and becomes positive. Since

V()= (~2wo—1() +2)](2),

we know that V' starts by increasing and then decreases to zero. Moreover V (wp) = 0. Hence it is

always non-negative. Since V(z) is zero for z <wy when F(2)N~! — (1 — F(2))¥~' <0, then
/ (F2) "~ (1= F(z)¥ ) Vi(2)dz > 0,
and so we have established that MVRS > 0, as required. O

Proof of Proposition 5

We are interested in the solution z;(.S) to DRQP where we solve the inner maximization:

IP: max, Zfil qv(&) T

s.t. Z;;l ~@ (Ng;) <02, [l
Zi:l q; = 17 [,U,}
q; > 0.

The problem IP has Lagrangian

N
qu (&) T+ N6, x)( Z ¢(Ng)) —8%) +u(d g —1)
=1

i=1 i=1

2

which has first derivative

oL
9q; B
Let ¢;(d,x) denote the optimal solution for a given ¢ and z. We translate this into r;(d,z) by

—v(&) x4+ A6, 2)¢' (Ng;) + p

qi(é,:v):%(ljtri(é,x)),

where Zf\;l qi(6,x) =1 implies

Zri((s, z)=0.

i

Then minimization of the Lagrangian implies

—v(&) T+ A6, 2)¢ (1+7(8,2)+p=0, i=1,2,...,N. (22)
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We write
w? w?
o(1+w) = 5-¢"(1) + g (w)
2 2
with g(w) — 0 as w — 0, and so ¢'(1 4+ w) =w¢"(1 )+wg(w) Y=g’ (w) and since ¢ is analytic we
have g and ¢’'(w) well defined. We let go(w) = g(w) + %¢'(w), and go(w) — 0 as w — 0. Then

¢'(1+w) =w(¢"(1) + go(w))

and (22) becomes

—0(&) "z + A8, 2)ri(6,2) (¢"(1) + go(ri(d, 2))) + p=0.

Then ), r;(0,2) =0 implies
p=10o(S) " x— —Z)\ (6,2)r:(6,2)go(r: (0, z))

so for each i =1,2,..., N,

—v(&) "2+ A6, 2)ri(6,2) (¢"(1) + go(r:(0, ))) (23)
—|—270(S)T$ - % Z i )‘((57 ‘T)Tj((gv x)QO(Tj((;vx)) =0.

Moreover from the constraint

we get
]17; <”(52’$)(¢’/(1) +9(7’i(5,x)))> _ 5 o

We will establish the proposition via several lemmas.

LEMMA 5. The solution A(d,z),r;(d,2), i=1,2,...,N to (23) and (24) has components that are
analytic functions of x and § for all (x,0) in a neighbourhood (z4(S),0).

Proof We establish the result using the implicit function theorem. We can rewrite (23) and (24)
in the form G(ry,7a,...,7n, A, 2,0) =0, where G : RN T2+ — RN+ has components
Gi(rl, T2y.eey TN, )\, xZ, (S) = (gb”(l) + go(’l"l)) )\Tz )\ Zj rjgo(rj)

_(U(gi)Tx_UO(S)Tw) i:1a27"'7Na

N i (
2L (5@ ) +g(rn)) - 0
We will apply the implicit function theorem to express (ry,7s...ry,A) as functions of (x,0). We
require G to be continuously differentiable around the point (z,d, \,r) = (20(S), 0, A(0,z¢(5)),0),
and the (N +1) x (N 4 1) Jacobian matrix with elements J;; = 0G;/dr;, j=1,2,..N and J; n41 =

Gny1(r1,7m9...7N, A, 0)

0G;/d\ to be non-singular at this point.
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We have for i =1,2,..., N,
oG, /dr; — —ﬁ)\(QO(Tj)JFT'jQB(Tj))’ jF#i
v — 5 A90(ri) +7ig5(ri)) + A (¢"(1) + go(r:)) + Arigy(ri), otherwise,
and

9G; /d\= (v(&) —T0(S)) "x) /A,

using the fact that G;=0,:=1,2,..., N .
Suppose that J does not have full rank so there is w # 0, with Jw =0. Then Jw can be written

()= 5 Do (righr) + 0lr)

+ Aw; (¢ (1) + go(rs) + righ(rs))

+ 5 (v(&) — 7(5)) =)

(Jwyer = wir; (6"(1) +go(r;))-

Jj=1

We may sum the first N equations to obtain (from the definition of v,(S))

—AZw ri00(rs) + go(r +AZw "(1) + go(r:) + righ(ri)) = 0

which simplifies to
N
S w, =0, (25)
=1

Now consider the behavior of go(r;) +7r:gy(r;). As 6 — 0 this also approaches zero. We can write

(Jw); =0 as

wi(¢"(1) + go(ri) + rigo(ri)) = Ko—wN+1( (&) —0(S)) "=

where Ky = + Zjvzl w;(7;90(7;) + go(r;)). And hence for ¢ small enough we have w; approximately
equal to ¢/,(1) — szor (v(&) — 0o(8)) Tz

We start by considering the case where wy 1 # 0. By considering —w if necessary we can assume
that wy,; < 0. Then for small §, w; is approximately proportional to (v(&;) —o(S)) "z, so we have
established that for small §, v(&;) "z <v(&;) "z will imply w; < w.

From equations (23)
ri(6,2) (¢"(1) + go(ri(6, ) ZTJ (6, 2)g0(r; (9, ))

—5o(8)) " (26)
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From (25) and (26) we deduce

anéfc (1) 4+ go(ri(0,2))) ZwZZTJ(ngOTJ(S:U))

whence

Zwm(¢”( +go 7“1 Z)\wz T )

Now (Jw)n41 =0 implies Y, w;v(§;) T2 = 0. Since Y w; = 0 some of the w; values are negative, and
we may choose ¥ so that w; <0 for v(&) "z <0 and w; > 0 for v(&;) "z > 0. Then since Y vw; =0

we have a contradiction

0= Z wv(&) = Zwi(v(&)Tw —0)>0.

where the inequality arises because each term in the sum is non-negative and they cannot all be
zero unless v(§;) are all the same or w; =0.

Next we consider the case where wy,1; =0. Then (Jw); =0 implies

wi(¢" (1) + go(rs) +rigy(rs)) = ij (r390(r5) + go(r))-

j 1

Unless w = 0, we may scale the w; values so that the right hand side is 1. But then w; =

1 . .
P N e R 0 for ¢ chosen small enough, which contradicts (25).

Hence we have established that J has full rank for § chosen small enough. Hence the analytic
implicit function theorem implies that \(d,z),7;(d,x) exist as analytic functions of  and J in a

neighbourhood of (zy(.5),0). O

LEMMA 6. Suppose k= ﬁu) Then

(6, z) = ok (U((EZT)V_(ZO);S)’BQ & +6%h;(6,7) (27)

where h;(d,z) is bounded.

Proof Rearranging (23) gives

1 U(§i>Tw_@0(S)Tx+ > 7i(0,2)g0(r;(0,2))
A6, x) ¢"(1) +go(ri(6,2)) ~ N(¢"(1) + go(ri(d,x))))

v(&;)  x—vg(S) (rj(6,x))
Let o(d,2) =r(0,2)A(d,x), n:(d,x) = W, and G;;(d,z) = N(¢”£(70)-:go(n(6,w)))' Then

ri(d,x) =

(8, 2) =mi(8,2) + Y _ Gy(8,2)0,(6, ),

J
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and lims_,o G;;(0,2) = 0. In matrix form we obtain
0(57 ‘T) = (I - G(67 x))iln(& 33)7

whence taking limits as § — 0 yields

(v(&) "z —1o(S) ) '

Multiplying (24) by \(d,x)? gives
N
Z A8, 2)ri(8,2))" (8" (1) + g(ri(8,2))) = §*A(6, z)°
which gives
250y = @ g (2(E6) 2~ 5(8)
lim °A(8,2)? = 5 ; ( S )
_z'V(S)x
257(1)
where v
1
V(S) = 3 3 (0(6) ~ () (v(&) — ()
=1
Thus 1o
_ "V (9)x
Since for almost all S we will have % QX,((?)I >0, (29) and (30) give
o i6e) (&) e —5($)a) (2 V()
WS T e 20 (1)
whereby applying Lemma 5 gives
N T
7’,»((5, LE) =0k (U(é'l) ,UO(S)132 x + 62hi((5, IE)
(xTV(S)x
for some bounded h;(4,x) as required. O

We now proceed to prove Proposition 5 The objective of the robust optimization DRQP is
1 1 &
o Ha + NZ 147,(8,2))v(&)

1 1 &
:i.’L'THZ"i‘UO N;
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The first order conditions determining x5(S) are
X
Hzs5(S) +0,(S) + V., (N Z;ma,x)v(@)m) =0.
Taking derivatives with respect to § we obtain

HL i)+ 49, (LS nante) ) o
démé AL Ni:1rz ,r)v(&) x| =0.

Now Lemma 6 gives
0 [1 <
Oz (N Zﬁ‘((sa x)v({i)—raﬁ>
J i=1

I I Al ) L W A B
_N<Zk3xj< (:UTV(S)JJ)I/Q >+58x~h1(5’ )) (&)

J

6 g~ (L&) =) oo
* Z(’f g e )) (6,

and by Lemma 5 h;(d,z) and %hi(&x) are bounded as § — 0, so it follows that

giving

where

¢(z) = ]@Za‘i] ((U(fi) —vo(xS))Tx> v(€) Tz

We can simplify (;(x) by noting

v (v(&) — @O(S)IZQT*T G 770(?/)2) - (w(&) - BO(S?J)/QT:EV(S)%
(@TV(S)z) TV (S)x) (zTV(S)z)
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So at 6 =0 we have
k 1 al
_ K AT
C(2) = V(S 21 ((v(&) ") (v(&) = T0(S5)))
k 1 = (v(&) = v0(5)) "=
N s s (e g v)s)
k 1 >
L . T
N Ve Z (&)(v(&) = 10(9) "
However from the definition of V(S) we have
| X
~ Z(v(@)Tx)(v(&) —0(5)) @
_ 1 = - T _ T
=z’ NZ &) —0o(S)) x=a V(9)z.
So the term in the sum involving 2"V (S)z simplifies and we get
b (1 .
((z) = V(S (N;((v(&) ) (v(&) — 0(5)) +v(&) (v(&:) — 1o(S)) w))
—V(S)z
LS i) - w(S)
(TV(8)a)" " N 5
where we have used the fact that + ZZ L(0(&) = 1o(S)) (96(S) ") =0 and hence
|
N Z gz (5@)
Thus
d —1
)= e TS
=-H" k V(S
GV
as V() is symmetric. Thus in the limit as § — 0, we get z5(S5) — —H '9,(S), and we obtain
3(S) = k H~'V(S)H '9y(S) 1
(00(S)THV(S)H~'10(S5))*
as required. (]
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Proof of Proposition 6
Immediately from the improvement lemma and Proposition 5 we know that robustification with

smooth ¢ divergence incrementally improves SAA if

KV (S)H=110(S)
(09 (S)H 1V (S)H v,(S))

> 0.

Es | (5o(S)—v) H™!

[N

Since k is a positive constant the result follows immediately. O

Proof of Lemma 4

The translation equivariance of p yields

ple(, )= %xTHw—l— 1-5 ©) + 6CVaRy_[{v(&) Tz},

an

The first order conditions for RSAA(J) become
0€0p(c(z,S))=Hz+ (1—19)vo+dGcvar (31)

which gives (11) and (12) when the subgradient at the optimal solution is unique. O

Proof of Proposition 7

m m+41
N’ N

Consider all samples S satisfying (13). Suppose that « € ( ] for some integer m. For a given

x, we suppose that

(&) T >v(6) e > w(&) Tr=v(&g) r=. =v(&)

with v(&) "z > v(&;) Tz, for all j > ¢, and k <m+1<{. When k # ¢ we have non-differentiability
of CVaR at x and the subdifferential 9CVaR,_, [{v(&) " x}] is the set

S

=
N v(&)+(1-

1

Govar (l‘ )

A P Jeomy {u(€), o(Esa), - 0(60)}

By Lemma 4
z5(S) € —H " ((1=6)0o(S) + 6Gcvar(25(S)))

and since Gevar (75(5) is a bounded set, we have z5(S) — x¢(S) as § — 0. Thus for all § sufficiently

small we must have
(&) 25(S) > v(&) Tas(S) > o > v(én) Tws(S)

so CVaR,_, [{v(&)Tx}] is differentiable at x5(S), with derivative

Vevar (S) = aiN Zv(fz) +(1— a%)v(fm)-
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Lemma 4 then gives

25(S)=—H " ((1—8)00(S) + dvcvar(S))

and

25(S) — 20(S) = —H ' (Vcvar(S) — 10(S5))9,
whence DRQP has linear variation with
§(S) = —H ™" (tcovar(S) — 10 (9))-
If we write R for (cvar(S) — 0o(S5)), then

Cs(S) = Eplc(x5(S5),8)]
1

= 5 (w0(8) - SH'R)" H (20(S)—6H 'R) +9" (2(S) —6H 'R)
2
= Cy(S) —dzo(S) "R+ %RTH‘IR — 00" H 'R
2
= Co(S) =6 —1(S))"H 'R+ %RTH—lR.

Thus we obtain

VRS(0) = Es[6(7 — () "H ™ (Tevar(S) — T0(S))

2 (Eevia(S) — (8)) T H (Bevan(S) ~ (S)))
and
MVRS =Es[(7 — o) H ™ (8cvar (S) — 0(S))]
as required. O

Proof of Proposition 8
We apply Proposition 7 with H =1 and v(§) = —g(§), so 99(S) = —go(S). Now Dcvar(S) is the
derivative of CVaR,_,[{v(&;) " z}] evaluated at z4(S) = go(S). Thus

ovar (S) = CVaRi_a[{—sgn(90(5))g (&) }]-

As in Proposition 7 there is a need for care when z,(S) = 0 since at that point we have
CVaR,_,[{v(&) " x}] non differentiable. The formulation here makes cyar (S) = 0 in this case. But
since the proposition statement involves an expectation over a continuous distribution we can see

that z¢(S) =0 with probability zero and our definition at this point will have no impact.
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We obtain for all § > 0 sufficiently small

x5(S) = xo(S5) — (5H’1(T)CV&R(S) — )
= 20(S) — (6/2)(CVaRs_o [{—sgn(d@0(S)g(€)}] + 70(S))
— 2o(S) — 2 (G0(S) + CVaRy_a[{-sen(30(S))g (e 1)

2
and
MVRS = Eg[(7—5(S)) " H ™ (Tevar(S) — 70(5))]
= Es[(=g 4 50(5))(CVaR:_a[{ —sgn(50(5))g(&:) }] + 50 (5))]
:Ei[( 90(S) — ) (50(S) + CVaRy_o[{—sgn(g0(5))g(&:)}])]
NHES[( 90(S) — §)CVaR,_o[{—sgn(o(5))g (&)},
as required. 0

Proof of Proposition 9

We will use Proposition 8 and show that

~Es[(0(S) — §)CVaRy_[{~g(¢ / Q) (1~ F(2))¥ A, (2)dz. (32)

First observe that

SO

—Es[(90(5) — 9)CVaRy_a[{—g(&:)}] = —Es[(90(5) — 9)(CVaRy_a[{—g(&:)}] + 9)]]
= —Eg[wCVaR,_, [{—w;}]].

where w; is the sample from W. We have that —CVaR,_,[{—w;}] assigns probability 1 to the

lowest 100a% outcomes of w;, and takes the expectation. Thus, if o € (%, ’"O‘+1] then

1 1 Ma
—CVaRl,a[{—wi}] = OziNZl + OéiNZQ +...+ (1 - OéiN)ZTm

where z; are the order statistics. So

B [#CVaRy o [{—w}]] = O%NES[wzl] 4 O%NES [ o+ (1~ T )Eslz,].

Since Lemma 12 gives

Elwz;] =

o [ e e Gy
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and
1 1 F(z)
Au(z) = — 4+ —(N—1)—2l
(2) aN * OzN( )(1 —F(2))
1 (N—1)(N-2) F(2)?
aN 2 (1-F(2))?
Ma. { N—1 F(z)me
1— == P o’ S
o2 (N0
where m,, = [aN] — 1, the identity (32) now follows. O

Proof of Proposition 11

We suppose that ¢(z,€) is strictly concave in {. We first observe by Proposition 10 that this is
enough to show that the solution to P has each v; supported on a single point (if v; has weight p
on z;; and (1 —p) on z; then setting v; to have weight 1 on pz;; + (1 — p)z;» increases the objective
of P and still satisfies the constraint). Thus P becomes

Pl:max,, Zf\;lcgc(zi)
subject to % Zi\; l|z: — &l < 0.
The Lagrangian of P1 is
N
i=1
which is maximized at z;. So
-&
sz &l

To establish (b), notice that ||Ve,(z;)]| =\ and

Ve (zi) = Ar———=0

if z; # & This establishes (a) where a; = — E Tl
so has the same value for each ¢ where z; #¢;.

In the case that z;, = &, we must have £ is not increased when z;, = &, +eVe, (&) for small € > 0.
Thus

ellVer (€” = re [ Vea (&)l < 0,

giving ||Ve, (&) < A. And hence for any choice of z; with z; # &, ||Ve. (&) < [|[Veo(2:)]], as
required. ]

LEMMA 7. Let J, be the n x m Jacobian matriz for v(z) evaluated at some sample point z*, and

o a scalar constant. Then

Jx Jx

a ( T ) * v
_— 2+« =v:(2  +« .
oz; \ Ty @) = uE ey
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Proof of Lemma 7

0 = J)x
—; (2" + = (" +a
oy o) = LR e
- 0 (J, )k
=
; )i da; || ]
Now
0 (L) 0 (Ll 0 Y wmi(J)
dz; |JTz||  dx; (T J,J]2)2  dxy (27 J,J] > )1/2
1 0 1
- HJJ'xH%Z % vzk_’_zxz vz ,xTJJT )1/2
1 (Jod, @ )
Tl ( R e
1 7 ),
= [iral (‘” ~UeongT e )
So
) AR m L (T,
2" o) = 7 2 () ( = e DT
__«a T T (JoJ, @ )
= ral <(J”J”)” e e 1,77y )
Hence
0 . J)x o T + v (L) z),
2 gy v ) = L e ¥ )
_ o TN (T T (JvJuTx)i _
= et (U9) ~ @ T2 ) =0
which yields the result. 0

Proof of Proposition 12
Recall
DRQP: min,ex (32" Hz +supgep, Eq [v'2])

SO

Ve (zi) g z; Vv (z;).

We require the linear variation property for almost all samples S. Since we assume strict concavity

for v; we know that Vv, takes a range of values and almost everywhere the sample S = {1, &, ...,€n)
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has each point with a different value for

>,V (&)

small § we will move just one point. We deduce this from Proposition 11 part (b), since for small §

, S0 we can make this assumption. Then for

it is impossible for two different points to end up with the same value for ||Ve,(z;)|| without moving
a combined distance more than §. Moreover part (¢) of Proposition 11 shows that the point that
is moved is £*(5) =¢;,,, the sample point with the highest gradient norm for the cost function, so
2257 Vu;(&:)
&* for £*(S). The solution we obtain after robustification, given a distance limit §, moves £* to the
point £* + N§ 25V ()

1325 25903 (€0
distance, and the fact that we move in the z-gradient direction of the cost function c¢,(z) follows

1o = argmax; (which is well-defined under our assumption). For brevity we write

where the term N arises from the way that we define the Wasserstein

from part (a) of Proposition 11.
After the robustifying move, and substituting J,(£*) "z for 3 x;Vu,;(§7), the term vy (§*) is
replaced by

Jo(§) '@ )
v (& + NO————
' ( [7,(€) Tl
The objective function of DRQP is therefore

1 1 ()2 T
a:THx—l—v(*—i—Nd) T+ — v() x
3 At (V) T )
i0
The first order conditions determining x5(S) are hence
1 Jo(€) Tz 7 1
Hx+ — g A — N =
x+NV$<(§+ 6HJ( ) x +N§v(§])

—
")'el j#io

Now applying Lemma 7 with a= NJ, we get that x5(S) satisfies

1 Ju(§)7
Hz + <o’ +N6HJ( - H N;) (&)=
where
NY o (€ +N5m)—ﬁvk(f )'i‘mvvk(f )" (E) T+ 0(5).
So we have first order conditions
Jo(E)Jo(E) Tz
Bt O f@ya ) =00

We have z4(S) = —H '9,(S), so

Jv(f*)Jv(g*)qu

Hiw=oolS)) = =07 F e

+0(5%),

giving x = zy(S) + O(J), whence

Jo(§)Jo(€) T Ju(€9)Ju(€) 20(S)
170 (&) Tl 17, (£7) T (S) ]

+0(9)
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and
Jo(6) 10 (8") "2o(S) >
H(z —20(8)) = —5 +0(8?). (33)
’ 17, (&%) Tzo(S) |
From (33) and its definition it follows that
Jo(E9) T, (€) T (S
175 (67) "o (S)

Substituting for xy(S) gives the expression we require. O

Proof of Proposition 13
(a) In the univariate example J,(£*) = —Vg(£*(S)) so from Proposition 12 we have

y(S) =—1Vg(& (s))ll
and v(§) =—g(§), so Lemma 2 gives
MVRS = Es [(90(5) —9) V(& ()]

(b) In the case that g(§) = &* and ¢ is non-negative then £*(S) is the largest & in S, which we
write as the order statistic £x. Then since Vg(§) = 2¢ we have

MVRS = Eg 2((1/N)ZN:§§ -

= om0 3 ) - 2EI Bl

Writing &; for the order statistics we have, for ¢ < N, (essentially this is the result of Lemma 9

with j = N)

Es (En€7)
' - - i N—i—1
— oo, [ e T ) ) (P~ F)) ™ dnde,
But Nt
— NI : Nit o
oDy i @) (Flan) = Flwa)) ™ = NN = 1) B,

ZEs(ézvf?):N(N -1) /O / 220y F (1) V2 f (10) f () dapdaz,.

Now &y has distribution F(2)" so has density NF(z)Y~!f(z). Thus

5 (€n) N/ (2)¥ 1 (2)dz
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Es (&) =N /000 PF ()N f(2)dz.

We have
MVRS = NZ Eslene?] + s (6) — 2Es (6% Eslé
=2(N-1) /00o (/Oo uF(u)N_Qf(u)du) 22f(2)dz
2 /0 T AR f(2)d
_oN ( /O T f(u)du) /O TPV f(2)de
as required. 0

Appendix 2: Identities for order statistics
In this appendix we derive some identities for order statistics from samples of a random variable
W with mean 0 and cumulative distribution function F' and density f. We let

Pot)= [ wfin, Qu)= [ ufwin

where we usually drop the explicit dependence on the distribution W. Thus P(z)+ Q(z) =0, and

P(00) = Q(—00) = 0. Suppose {w;,ws,...,wy} is a random sample of W, with order statistics

M=

z1 < 2zy <...<zy. The sample mean is z = % Zi.
=1

LEMMA 8. E[2f] = iy J o 22 F (2) 7 f(2)(1 = F(2))V"dz.

Proof Consider the event A; ={z; € (v,,2,+¢)}. Then

P(A4;) = P(z; € (x4,x4+€))
_ i—1 of the w; in (—o0,x,),
o P( one w; in (x4, z, +¢), N —i of w; >Ia+5.>
N(N—-1)(N-2)...(N—i+1)
(i —1)!
X F(2,) " (F(x,+€) — F(z,)) (1 - F(x, +)V "
NI

= oo @) F ) T (= @) e +ofe).

Thus -
B = e | PO @0 - F@) e

as required. 0
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LEMMA 9. Ifi<j then

N(N-1)...(N +1)
Elzz;] = ((z — 1; — _f / / oy B(x 4, 2p)dxydx, (34)

where
B(wa, 1) = F(wa) ™" f(a) f (1) (F () = Fwa)) ™ (1= Fa,))V .

Proof The joint distribution of z; and z; can be expressed in terms of the event A;; = {z; €

(Tay o +€) and z; € (zp,xp +€") }.

P(A;;) = P(z; € (24,2, +¢€) and z; € (v, 2 +€"))
(i—1) w; in (—o0,x,), one w; in (z,,x, +€),
=P j—1i—1 of the w; in (x, +¢&,1),
one w; in (xy,x, +¢€’), rest of the w; >z, +¢€'.

= <1J_\71> (N—i+1) (j]fi_—il> (N—j+1)
XF(2,) (F(2a+€) — F(x,)) (F(x) — Fz,+¢€)) !

X (F(zy+e')— F(ay)) (1= F(z, +))V .

But
(i]_vl>(N—i+1)<]]fi__'1>(N j+1)
_NN-1)...(N—j+1)
IR VIVET B T
and
F(x,) ' (F(xy+¢) — F(z,)) (F(xp) — F(24 +8))j—i—1
X (F(xy+¢e') = F(xy)) (1 = F(z, +¢')N I
= B(4,7p)e’ +o(ee’).
Thus
NN (NG )
Elevza] = (i—1)(j—i—1)! /_ / oy B(2a, 2p)dpdi,
as required. -
LEMmmMmA 10.
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Proof
Jz;lN i—1)! ]EJ\ZT— f)ﬂ) (Flay) = Fwa) ™ (1= F(a)N
— N(N—l)( _Z"‘l)(N—i)
N (i—1)!
X (N—i—l).k.:!.(N—i—k) (F(2y) — Flen)* (1 — F(ay)) N1
- ol N—i—1
= oD o Pl
Substituting in (34) and substituting for Q(z) yields (35). -
LEMMA 11.

> Bl = i | PE R0 - FE)Y G s,

=1 [e'e]
Proof Observe that ZZ: [z;2;] is the same as ZZ N j+2E[win,j+1] when w = —z. Now using
Lemma 10 we have
XN: Elwy_jqw;] = N! /oo 2P ()N (1 = Fur (2))7 2 for (2)Qu (2)d2
I=N—j+2 A (N=i)G—-2)!J)_« W w w w

where we use a subscript W to show that the relevant quantity is with regard to w not z. Since

Fw(z)=1—F(—z) and Qw(z) = [." uf(—u)du we can change variables v = —z and obtain
S N ~ —J Jj— ~
X Bl = /oo —o(1— F(0)" I F(0) [ (v) / wf (~u)dudo.

Finally changing variables ¢t = —u gives f_oz uf(—u)du = fvfoo tf(t)dt = —P(v) and we recover the

expression we require. O

LEMMA 12.

E[z;z] = o ]_1 / Qz F(2)N 7 F(z) dz. (36)

Proof Applying Lemmas 8, 10, and 11, we obtain
1 Jj—1 N
Elz2) = (ZE[zizj] +E[E]+ ) E[zjzi]>
i=1 i=j+1

N (j _(;\g'z]é)l])l /_oo P(z)zf(2)(1 - F(z))N—jF(Z)j_QdZ

(N —=1)! <, =1L (1 — F(2)N 9 dz
- )/mzm) [(2) (1= F(2)Vd

=) =Dt
(N -1 ~ G I A PN e O z)dz
T SF T A )Y ()Q()
v-n!

T (N= )G -1
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where
A= / (j— D)P(2)2f (2)(1 — F(2))¥ 7 F(2)~2d=
/_ F2) 1 f(2) (1 F(2)V
[ F T - PO Q)

Integrating the third term of A by parts gives

[~ =FE)YQ()2F ()17
—i—/ (1— F(z))N_jdiz (Q(2)zF(2)’ ") dz

oo

:/wa— F(2)V Q) F(=) dz

oo

- [ FE @R

o0

. / T (U= FE)Y I [QE)A — DF(GY 2 (2)] ds

oo

which cancels with the first two terms of A (using the fact that P(z)+ Q(z) =0) to yield

A=/°O<1— () IQ)F 2y dz,

o0

which demonstrates (36) as required. O

LEMMA 13. Suppose z has density f and cumulative distribution function F. For all o € (0,1],

o 1
| 10 FE) @ = (37
Proof First observe that if & < +, then A,(z) =1 and
[ rea-reye=-pa-rar] =4
. N . N
We next show (37) for every a =%, m=1,2,...,N. In this case

Aa(z):;<1+(N—1)(1f(;,()z))+...+<]n\i:i>%).

_ N -1 %Z
/f (1= F(2)"" (m—1>(1_p(z>)m_1d
~ V- m)-(l) 1)./_ (1= F()Y " F(2)" " f(2)dz

- </ e T “)N_md“> 5

Now
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where the final equality follows from observing that the integrand is the density of a beta distri-
bution and hence integrates to 1.

So

1.1 1

/_oo F&A=F@) T ha()de = — (5 + 5+t %)

where the sum is over m terms. This yields the result for a =2, m=1,2,..., N.

m
N

Now suppose a € (2, 28] m=1,2,...,N —1. Then

me=rae+ 020 (%) e

23

which is linear in + € [-75, &), so 7 f(z)(1 = F(2))N~'A4(2)dz is also linear in L in this range.

Since we have established that

OO N-1 _ 1
| 0= PN = 5

for o =2 and o = 2, and for each z, A,(z) is continuous at a =

o the identity must hold

m
N

throughout this range which gives the result. O



