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Devwudfw
Vsrw slfhv ri hohfwulflw| duh ghwhuplqhg lq Qhz ]hdodqg +dqg d qxpehu ri rwkhu hohfwulflw| pdunhwv

lq wkh wkh zruog, xvlqj d olqhdu surjudpplqj prgho wr frqvwuxfw d glvsdwfk vfkhgxoh wr phhw phwhuhg
ordgv dw wkh qrghv ri wkh wudqvplvvlrq qhwzrun1 Wkh olqhdu surjudp vhhnv wr plqlplvh lq hdfk kdoi krxu
wkh gholyhuhg frvw ri wkh hqhuj|/ dv uhsuhvhqwhg e| wkh sulfhv wkdw jhqhudwruv r�hu wkhlu srzhu wr wkh
pdunhw/ zkloh dffrxqwlqj iru wudqvplvvlrq orvvhv/ qhwzrun frqvwudlqwv dqg vslqqlqj uhvhuyh frqvwudlqwv1
Wkh h{0srvw hohfwulflw| sulfh dw dq| jlyhq qrgh ri wkh wudqvplvvlrq v|vwhp lv jlyhq e| wkh vkdgrz sulfh
ri wkh hqhuj| edodqfh frqvwudlqw dw rswlpdolw|1 Zh glvfxvv wkh uhvxowv ri vrph h{shulphqwv fduulhg
rxw zlwk d vpdoo hohfwulflw| sulflqj prgho ghyhorshg lq wkh Ghsduwphqw ri Hqjlqhhulqj Vflhqfh1 Wkh
sulfhv rewdlqhg iurp wkhvh olqhdu surjudpplqj prghov kdyh vrph lqwhuhvwlqj surshuwlhv1 Vrph ri wkhvh
surshuwlhv/ dowkrxjk frxqwhulqwxlwlyh/ kdyh udwlrqdo h{sodqdwlrqv1 Rwkhu surshuwlhv duh ohvv ehqljq/
dqg dulvh lq flufxpvwdqfhv zkhq d olqhdu surjudpplqj prgho lv dq lqdssursuldwh dssur{lpdwlrq ri
wkh wuxh ordg  rz sureohp1 Zh vkdoo h{sodlq wkhvh h�hfwv/ dqg glvfxvv vrph srvvleoh uhphglhv1

4 Lqwurgxfwlrq
Wkh vsrw pdunhw iru zkrohvdoh hohfwulflw| zdv lqwurgxfhg lq Qhz ]hdodqg rq Rfwrehu 4/ 4<<9/ dv sduw
ri dq rqjrlqj uhvwuxfwxulqj ri hohfwulflw| jhqhudwlrq dqg glvwulexwlrq1 Hohfwulflw| fdqqrw eh vwruhg/ dqg
zkhq lw lv jhqhudwhg lw pxvw eh glvwulexwhg wkurxjk d wudqvplvvlrq qhwzrun wr wkh orfdwlrqv dw zklfk
lw lv uhtxluhg1 E| vhsdudwlqj wkh jhqhudwlrq ixqfwlrq iurp wkh wudqvplvvlrq dqg glvwulexwlrq ixqfwlrqv/
hohfwulflw| pdunhwv hqghdyrxu wr vwlpxodwh frpshwlwlrq dprqjvw vxssolhuv wr gholyhu srzhu wr frqvxphuv
dw d frpshwlwlyh sulfh/ zkloh surylglqj vhqvleoh vljqdov iru lqyhvwphqw dqg qhz hqwu|1 Lq uhfhqw |hduv
hohfwulflw| pdunhwv ri ydu|lqj irupv kdyh hpujhg lq prvw zhvwhuq frxqwulhv/ dqg wkhlu vwxg| kdv ohg wr d
vxevwdqwldo erg| ri uhvhdufk lqwr hohfwulflw| pdunhw ghvljq +vhh h1j1 ^5`,1

Wkh Qhz ]hdodqg fkrlfh ri pdunhw ghvljq zdv d qrgdo sulflqj prgho lq zklfk vsrw sulfhv ri hohfwulflw|
duh ghwhuplqhg iru hdfk kdoi krxu dw dssur{lpdwho| 7:3 exvhv +l1h1 qrghv, ri wkh wudqvplvvlrq qhwzrun1
Vsrw slfhv ri hohfwulflw| duh ghwhuplqhg xvlqj d olqhdu surjudpplqj prgho +fdoohg Vfkhgxolqj/ Sulflqj dqg
Glvsdwfk Vriwzduh ru VSG, wr frqvwuxfw d glvsdwfk vfkhgxoh wr phhw phwhuhg ordgv dw wkh qrghv ri wkh
wudqvplvvlrq qhwzrun1 Wkh olqhdu surjudp vhhnv wr plqlplvh lq hdfk kdoi krxu wkh gholyhuhg frvw ri wkh
hqhuj|/ dv uhsuhvhqwhg e| wkh sulfhv wkdw jhqhudwruv r�hu wkhlu srzhu wr wkh pdunhw/ zkloh dffrxqwlqj iru
wudqvplvvlrq orvvhv/ qhwzrun frqvwudlqwv dqg vslqqlqj uhvhuyh frqvwudlqwv1 Wkh h{0srvw hohfwulflw| sulfh dw
dq| jlyhq qrgh ri wkh wudqvplvvlrq v|vwhp lv jlyhq e| wkh vkdgrz sulfh ri wkh hqhuj| edodqfh frqvwudlqw
dw rswlpdolw|1

Lq wklv sdshu zh duh frqfhuqhg zlwk wkh surshuwlhv ri wkh glvsdwfk dqg wkh qrgdo sulfhv wkdw duh
|lhoghg e| wklv surfhvv1 Zh vkdoo irfxv rq wkh pdwkhpdwlfdo surshuwlhv ri olqhdu surjudpplqj prghov/
dqg hqghdyrxu wr h{sodlq vrph ri wkh sureohpv wkdw wkhvh ihdwxuhv fdq ohdg wr zkhq dssolhg wr rswlpdo
ordg  rz prghov1 Zh pdnh qr fodlp wr wkh ruljlqdolw| ri rxu dqdo|vlv> pdq| ri wkh ihdwxuhv ri VSG
wkdw zh glvfxvv lq wklv sdshu duh zhoo nqrzq wr xvhuv/ dqg duh rshqo| glvfxvvhg e| Qhz ]hdodqg pdunhw
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sduwlflsdqwv +vhh ^7`,1 Krzhyhu/ lw lv krshg wkdw wklv sdshu fdq ohdg wr vrph xqghuvwdqglqj ri wkh
gudzedfnv lq xvlqj olqhdu surjudpplqj prghov/ dqg dfw dv d jxlgh wr lpsurylqj sulflqj dqg glvsdwfk
vriwzduh wr ryhufrph wkhvh sureohpv li wkh| duh ghhphg wr eh zruwk fruuhfwlqj1

Wkh sdshu lv odlg rxw dv iroorzv1 Lq wkh qh{w vhfwlrq zh vkrz krz d olqhdu surjudpplqj prgho ri
rswlpdo srzhu  rz dulvhv iurp dssur{lpdwlqj wkh htxdwlrqv ri DF srzhu  rz/ dqg wkhq ghvfuleh lq
wkhruhwlfdo whupv krz wklv dssur{lpdwlrq pljkw ohdg wr sdudgr{lfdo ru sdwkrorjlfdo uhvxowv1 Lq Vhfwlrq
6/ zh ghvfuleh d vlpsoh slorw prgho ri wkh Qhz ]hdodqg wudqvplvvlrq qhwzrun wkdw zh kdyh ghyhorshg lq
wkh Ghsduwphqw ri Hqjlqhhulqj Vflhqfh1 Wklv prgho lv xvhg lq Vhfwlrq 7 wr whvw zkhwkhu wkh sdudgr{lfdo
ehkdylrxu ghvfulehg lq Vhfwlrq 5 fdq dfwxdoo| rffxu lq uhdvrqdeo| uhdolvwlf flufxpvwdqfhv1

5 Rswlpdo Srzhu Iorz
Wkh vriwzduh +VSG, xvhg wr glvsdwfk dqg sulfh srzhu lq Qhz ]hdodqg lv edvhg rq d GF0ordg  rz prgho
ri hohfwulflw| wudqvplvvlrq1 Wklv prgho ljqruhv uhdfwlyh srzhu/ dqg dssur{lpdwhv wkh uhdo srzhu  rzv e|
irupxodh wkdw duh dqdorjrxv wr Nlufkkr� *v irupxodh iru gluhfw fxuuhqw +GF,1 Lq wklv vhfwlrq zh ghulyh
wkhvh htxdwlrqv wr looxvwudwh krz wklv dssur{lpdwlrq rffxuv1 +Vlqfh lw lv udwkhu whfkqlfdo/ wklv vhfwlrq pd|
eh vnlsshg e| wkh uhdghu zlwkrxw orvlqj wkh pdlq srlqwv ri wkh sdshu1,

Frqvlghu d wudqvplvvlrq v|vwhp uhsuhvhqwhg e| d qhwzrun ri qrghv dqg olqhv1 Ohw xv frqvlghu d
w|slfdo olqh mrlqlqj qrghv n dqg o1 Wklv olqh kdv dq lpshgdqfh } @ u . m{/ dqg d uhvxowlqj dgplwwdqfh
| @ 4

} @ J . mE/ zkhuh iru qrwdwlrqdo frqyhqlhqfh zh vxssuhvv wkh ghshqghqfh ri wkh sdudphwhuv rq n
dqg o1 Vxssrvh wkdw zh lqmhfw vrph srzhu S v . mTv lqwr qrgh n iru wudqvplvvlrq wr qrgh o1 Khuh S lv
nqrzq dv wkh dfwlyh srzhu dqg T lv wkh uhdfwlyh srzhu1 Li wkh skdvru ri fxuuhqw iurp n wr o lv L/ wkhq zh
kdyh

S v . mTv @ YnL�>
zkhuh Yn lv wkh yrowdjh skdvru +ynhm�n, dw qrgh n dqg L� lv wkh frpsoh{ frqmxjdwh ri wkh fxuuhqw skdvru1
Wkh srzhu zklfk duulyhv dw qrgh o lv S u . mTu gh�qhg e|

S u . mTu @ YoL�=
Jlyhq wkh dgplwwdqfh J. mE ri wkh olqh zh fdq frpsxwh

L @ +ynhm�n � yohm�o,+J. mE,>
jlylqj

L� @ +ynh�m�n � yoh�m�o,+J� mE,>
dqg

S v . mTv @ y5nJ� ynyo frv+�n � �o,J� ynyo vlq+�n � �o,E
. m+�y5nE � ynyo vlq+�n � �o,J. ynyo frv+�n � �o,E,> +4,

S u . mTu @ �y5o J. yoyn frv+�o � �n,J. yoyn vlq+�o � �n,E
. m+y5o E . yoyn vlq+�o � �n,J� yoyn frv+�o � �n,E,= +5,

Lq wkh Qhz ]hdodqg hohfwulflw| pdunhw/ wkhuh duh fxuuhqwo| qr sulfhv frpsxwhg iru uhdfwlyh srzhu1 Lq
VSG wklv hqwdlov ljqrulqj wkh lpdjlqdu| sduwv ri +4, dqg +5, wr |lhog

S v @ y5nJ� ynyo frv+�n � �o,J� ynyo vlq+�n � �o,E +6,

S u @ �y5o J. yoyn frv+�o � �n,J. yoyn vlq+�o � �n,E= +7,
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Iru odujh/ kljk yrowdjh wudqvplvvlrq v|vwhpv zh fdq xvxdoo| dvvxph wkdw wkh yrowdjh pdjqlwxgh grhv qrw
fkdqjh pxfk iurp qrgh wr qrgh1 Lq wkh GF0ordg  rz prgho zh dvvxph wkdw wkh yrowdjh pdjqlwxgh lv
wkh vdph dw hdfk qrgh/ vr +e| vfdolqj wkh sureohp dssursuldwho|, zh pd| dvvxph wkdw yn @ 4=3/ iru hyhu|
qrgh n1 Wkh GF0ordg  rz prgho dovr uhtxluhv wkdw wkh skdvh dqjoh gl�huhqfhv ryhu wudqvplvvlrq olqhv
duh vpdoo1 Lq wkhvh flufxpvwdqfhv vlq+�n � �o, lv dssur{lpdwho| htxdo wr +�n � �o,/ dqg frv+�n � �o, lv
dssur{lpdwho| htxdo wr 4� +�n��o,5

5 1 Wklv uhvxowv lq wkh iroorzlqj h{suhvvlrqv=

S v @ +�n � �o,5
5 J� +�n � �o,E> +8,

S u @ �+�n � �o,5
5 J� +�n � �o,E= +9,

Lw lv lqvwuxfwlyh wr vwxg| htxdwlrqv +8, dqg +9,1 Li wkh skdvh dqjoh gl�huhqfhv ryhu wudqvplvvlrq olqhv duh
vr vpdoo wkdw +�n��o,5 lv qhjoljleoh wkhq S v @ S u @ �+�n��o,E1 Wklv dssur{lpdwlrq jlyhv d uhdo srzhu
 rz lq wkh olqh ri �+�n � �o,E/ zklfk lv d irup ri Rkp*v Odz zlwk skdvh dqjohv wdnlqj wkh uroh ri GF
yrowdjhv/ dqg +�4@E, wdnlqj wkh uroh ri GF olqh uhvlvwdqfh1 Lq wklv prgho wkhuh duh qr srzhu orvvhv1 Li
zh fkrrvh qrw wr ljqruh whupv lq +�n � �o,5 wkhq wkh srzhu S v vhqw h{fhhgv wkh srzhu S u uhfhlyhg e| dq
dprxqw htxdoolqj +�n � �o,5J1 Ghqrwlqj �+�n � �o,E e| s zh rewdlq

S v @ s. s5
5E5J> +:,

dqg
S u @ s� s5

5E5J= +;,
Vlqfh s lv wkh orvvohvv dssur{lpdwlrq wr wkh GF0ordg  rz/ wkhvh htxdwlrqv lqglfdwh wkdw wkh vhqglqj srzhu
dw rqh hqg ri wkh olqh pxvw eh lqfuhdvhg e| kdoi wkh olqh orvvhv + s5

5E5J, wr gholyhu dw wkh rwkhu hqg wkh
orvvohvv srzhu ghfuhdvhg e| kdoi wkh olqh orvvhv1 Wkh olqh orvvhv duh sursruwlrqdo wr s5/ wkh vtxduh ri wkh
orvvohvv srzhu  rz1

Qrz zh duh lq d srvlwlrq wr gh�qh d prgho wr frpsxwh dq rswlpdo glvsdwfk dqg qrgdo sulfhv1 Frqvlghu
d qhwzrun ri q qrghv zlwk jlyhq dfwlyh srzhu ordgv dqg nqrzq jhqhudwlrq frvwv1 Ohw |n ghqrwh d ohyho ri
lqmhfwlrq ri dfwlyh srzhu dw qrgh n/ dqg ohw gn eh wkh ordg dw qrgh n1 Zh vhhn wr plqlpl}h wkh uhyhdohg
frvw SnFn+|n, ri srzhu lqmhfwlrq dw wkh qrghv/ vxemhfw wr phhwlqj wkh ordgv1 Dw hdfk qrgh n lq wkh
Qhz ]hdodqg pdunhw Fn+|n, lv d slhfhzlvh olqhdu frqyh{ ixqfwlrq/ zlwk d ghulydwlyh uhsuhvhqwhg e| wkh
djjuhjdwhg r�hu vwdfn ri doo sduwlflsdqwv dw qrgh n1

Wkh olqh iurp n wr o lv ghqrwhg e| +n> o,/ zkhuh zh dgrsw wkh frqyhqwlrq wkdw n ? o dqg doorz qhjdwlyh
srzhu  rzv1 Hdfk olqh kdv d fdsdflw| Xno jlylqj wkh pd{lpxp srzhu  rz wkdw fdq eh vhqw dorqj wkdw
olqh1 Wklv jlyhv

�Xno � S vno � Xno= +<,
Srzhu  rz pxvw eh frqvhuyhg/ |lhoglqj

n�4[
o@4

S uon �
q[

o@n.4
S vno . |n @ gn> +43,

dqg iru hyhu| n ? o zh pxvw kdyh htxdwlrqv uhodwlqj S uno wr S vno1 Wkhuh duh vhyhudo zd|v wr gr wklv
ghshqglqj rq krz zh fkrrvh wr dssur{lpdwh wkh orvvhv1

Iluvw zlwk qr orvvhv zh rewdlq
S vno @ S uno @ �+�n � �o,Eno= +44,

Lq wkhvh flufxpvwdqfhv plqlpl}lqjSnFn+|n, vxemhfw wr +<,/ +43, dqg +44, lv d frqyh{ qrqolqhdu surjudp/
iru zklfk d joredoo| rswlpdo vroxwlrq fdq eh rewdlqhg xvlqj d qrqolqhdu surjudpplqj sdfndjh +vhh h1j1
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^6`,1 Lq wkh vshfldo fdvh zkhuh Fn+|n, lv d slhfhzlvh olqhdu frqyh{ ixqfwlrq/ wkh frqyh{ surjudp ehfrphv
d olqhdu surjudp1 Dw �uvw vljkw wklv kdv wkh dsshdudqfh ri d vlqjoh0frpprglw| plqlpxp frvw qhwzrun
 rz sureohp/ d zhoo0nqrzq prgho lq rshudwlrqv uhvhdufk1 Revhuyh/ krzhyhu/ wkdw wkh frqvwudlqw +44, iru
hdfk olqh +n> o, lpsrvhv d uhvwulfwlrq rq wkh srzhu  rz lq wkdw olqh/ qdpho| wkdw lw lv gulyhq e| d gl�huhqfh
lq yrowdjh dqjohv1 Wklv phdqv wkdw iru dq| orrs O lq wkh qhwzrun zh kdyh

[
+n>o,5O

S vno
Eno

@ [
+n>o,5O

�+�n � �o, @ 3=

Wkh lpsruwdqw lpsolfdwlrq lv wkdw dgglqj orrsv wr wkh wudqvplvvlrq v|vwhp dggv frqvwudlqwv wr eh vdwlv�hg
zlwk srwhqwldo lqfuhdvhv lq frvwv/ dqg lpsruwdqw frqvlghudwlrq wr eh eruqh lq plqg zkhq frqvlghulqj
lqyhvwphqwv lq qhz olqhv1

Li zh lqfuhdvh wkh dffxudf| ri wkh dssur{lpdwlrq wr txdgudwlf orvvhv zh rewdlq
sno @ �+�n � �o,Eno> +45,

S vno @ sno . Jno
5E5no

s5no> +46,

S uno @ sno � Jno
5E5no

s5no= +47,

Lq wkhvh flufxpvwdqfhv plqlpl}lqjSnFn+|n, vxemhfw wr +<,/ +43,/ +45,/ +46,/ +47, lv d qrqolqhdu surjudp1
Krzhyhu hyhq wkrxjk SnFn+|n, lv d frqyh{ ixqfwlrq/ dqg wkh frqvwudlqwv frqwdlq frqyh{ ixqfwlrqv
+txdgudwlfv, wkh uhvxowlqj rswlplvdwlrq sureohp lv qrw jxdudqwhhg wr eh frqyh{1 +D frqyh{ rswlplvdwlrq
sureohp kdv d frqyh{ remhfwlyh ixqfwlrq dqg d frqyh{ ihdvleoh uhjlrq � wkh qrqolqhdu surjudp khuh lv qrw
frqyh{ ehdfxvh lwv ihdvleoh uhjlrq lv qrw frqyh{1, Lw lv srvvleoh wr vkrz wkdw li zh uhsodfh +43, e|

n�4[
o@4

S uon �
q[

o@n.4
S vno . |n � gn> +48,

+vr h{fhvv srzhu fdq eh vkhg dw dq| qrgh zlwk qr shqdow|, wkhq wkh ihdvleoh uhjlrq ehfrphv frqyh{/ dqg
vr wkh rswlpdo ordg  rz sureohp ehfrphv frqyh{1

D pruh ghwdlohg prgho pljkw wuhdw dfwlyh srzhu zlwk ixoo orvvhv1 Khuh zh doorz wkh qrgdo yrowdjh
pdjqlwxghv wr ydu| ehwzhhq vshfl�hg erxqgv/

4� � � yn � 4 . �> +49,
dqg lq sodfh ri +<�47, zh xvh wkh ixoo dfwlyh srzhu0 rz htxdwlrqv=

S v @ y5nJ� ynyo frv+�n � �o,J� ynyo vlq+�n � �o,E +4:,

S u @ �y5o J. yoyn frv+�o � �n,J. yoyn vlq+�o � �n,E= +4;,
Lq wklv prgho zh orvh frqyh{lw| hqwluho|/ hyhq li +48, lv xvhg1

Lq wkh deryh glvfxvvlrq zh kdyh hpskdvl}hg frqyh{lw| dv dq lpsruwdqw ihdwxuh ri dq| pdwkhpdwlfdo
rswlplvdwlrq prghov zh pljkw frqvlghu iru frpsxwlqj rswlpdo glvsdwfk1 Frqyh{ qrqolqhdu surjudpv kdyh
qlfh surshuwlhv1 Iluvw rqh fdq jxdudqwhh wkdw dq| vroxwlrq surfhgxuh wkdw |lhogv d orfdo rswlpxp +rqh
wkdw lv ehvw li rqh rqo| frqvlghuv vpdoo shuwxuedwlrqv ri wkh yduldeohv iurp wkhlu fxuhqw ydoxhv, zloo dovr
|lhog d joredo rswlpxp +rqh wkdw lv ehvw iru doo srvvleoh fkrlfhv ri wkh yduldeohv,1 D vhfrqg lpsruwdqw
surshuw| ri frqyh{ rswlplvdwlrq sureohpv lv wkdw wkh| fdq eh dssur{lpdwhg e| olqhdu surjudpv1 Wkh huuru
lq wklv dssur{lpdwlrq fdq eh pdgh duelwudulo| vpdoo e| pdnlqj wkh olqhdu surjudpplqj sureohp kdyh
hqrxjk yduldeohv dqg frqvwudlqwv1 Wr rewdlq joredoo| rswlpdo vroxwlrqv wr rswlplvdwlrq sureohpv wkdw
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duh qrw frqyh{ uhtxluhv yhu| vrsklvwlfdwhg whfkqltxhv1 Wkhvh sureohpv fdq eh dssur{lpdwhg e| pl{hg
lqwhjhu olqhdu surjudpplqj sureohpv/ exw wkh fdofxodwlrq wlph iru wkhvh prghov ehfrphv surklelwlyh dv
wkh vl}h lqfuhdvhv/ vr lw pd| eh lpsrvvleoh wr rewdlq dq dqvzhu zlwk d ghvluhg ohyho ri dffxudf|1 Wkh wklug
lpsruwdqw surshuw| ri frqyh{ rswlplvdwlrq sureohpv lv wkdw wkh| kdyh d gxdolw| vwuxfwxuh1 Wkh yduldeohv
ri wkh gxdo sureohp riwhq kdyh dq lqwhusuhwdwlrq dv pdujlqdo sulfhv1 Lw lv wkhvh yduldeohv wkdw jlyh wkh
qrgdo sulfhv uhsruwhg e| VSG1

Wkh VSG vriwzduh xvhg lq wkh Qhz ]hdodqg vsrw pdunhw lv ghvfulehg lq ghwdlo lq ^4`1 Lw dssur{lpdwhv
txdgudwlf orvvhv e| d slhfhzlvh0olqhdu ixqfwlrq/ dqg wkhq dssolhv d olqhdu surjudpplqj dojrulwkp1 Dv
vwdwhg lq ^4` wklv dssur{lpdwlrq lv edvhg rq wkh suhplvh wkdw rswlplvdwlrqv qdwxudoo| idyrxu uhgxflqj
orvvhv1 Wklv lpsolhv wkdw h{fhvv srzhu fdq eh vkhg dw dq| qrgh zlwkrxw shqdow|/ d vx!flhqw frqglwlrq iru
frqyh{lw|1 Lq rxu qrwdwlrq/ wkh olqhdu surjudpplqj dssur{lpdwlrq lq VSG uhsodfhv sno e| wkh gl�huhqfh
ri wzr qrqqhjdwlyh srzhu  rzv/ wr jlyh

sno @
p[
l@4

x+l,
no �z+l,

no > 3 � x+l,
no > z+l,

no � e+l,no > l @ 4> 5> = = = >p>

dqg dssur{lpdwhv wkh txdgudwlf whupv lq +46, dqg +47, wr jlyh

S vno @
p[
l@4

x+l,
no �z+l,

no . Jno
5E5no

p[
l@4

d+l,no +x+l,
no . z+l,

no ,>

S uno @
p[
l@4

x+l,no �z+l,
no � Jno

5E5no

p[
l@4

d+l,no +x+l,
no . z+l,

no ,>

zkhuh wkh vorshv d+l,
no dqg euhdnsrlqwv e+l,no duh fkrvhq wr pdnhSp

l@4 d+l,no +x+l,no .z+l,
no , d jrrg dssur{lpdwlrq

ri s5no1Rqh glvdgydqwdjh ri vxfk d irupxodwlrq lv wkdw duwl�fldo sulfh euhdnv duh surgxfhg dw euhdnsrlqwv ri
wkh slhfhzlvh olqhdu orvv ixqfwlrqv/ zklfk gr qrw dsshdu lq wkh +pruh qdwxudo, txdgudwlf orvv irupxodwlrq1
Rq wkh rwkhu kdqg/ wkh slhfhzlvh olqhdu dssur{lpdwlrqv ehfrph pruh dffxudwh dv pruh slhfhv duh xvhg/
dqg wkh lqdffxudf| lq wkh vroxwlrq vhhpv wr eh vpdoo/ hyhq zlwk rqo| d ihz euhdnsrlqwv lq wkh orvv
ixqfwlrqv1 Dq dgydqwdjh ri xvlqj slhfhzlvh olqhdu orvvhv lv wkdw dq dssur{lpdwlrq wr wkh rswlpdo srzhu
 rz fdq eh irxqg e| uholdeoh dqg h!flhqw frpphufldo vriwzduh iru olqhdu surjudpplqj1

Lq wkh qh{w vhfwlrq zh vwxg| d vlpsoh sulflqj dqg glvsdwfk prgho ri wkh Qhz ]hdodqg wudqvplvvlrq
v|vwhp xqghu irxu gl�huhqw prghoolqj dvvxpswlrqv1 Zh ehjlq e| dssur{lpdwlqj wkh glvsdwfk sureohp dv d
olqhdu surjudp/ xqghu wkh txdgudwlf orvv dvvxpswlrq1 Wkh gdqjhuv ri dvvxplqj frqyh{lw| lq wklv vlwxdwlrq
duh lghqwl�hg1 Zh gljuhvv wr frqvlghu ryhufrplqj wkh frqyh{lw| lvvxh xvlqj pl{hg lqwhjhu surjudpplqj1
Wkh wklug prgho zh frqvlghu xvhv d txdgudwlf orvv dvvxpswlrq/ exw grhv qrw dvvxph frqyh{lw|1 Ilqdoo|
zh frpsduh wkhvh prghov zlwk dq dfwlyh srzhu prgho dvvxplqj ixoo orvvhv1

6 H{shulphqwv
Wr looxvwudwh wkh lvvxhv rxwolqhg deryh zh kdyh fuhdwhg d vpdoo +:0qrgh, GF0ordg  rz prgho ri wkh Qhz
]hdodqg wudqvplvvlrq julg1 Wkh qhwzrun iru wklv lv vkrzq lq Iljxuh 41

8
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Iljxuh 4= H{shulphqwdo Qhwzrun1

Wkhuh lv d ordg wr eh vdwlv�hg dw hdfk exv/ e| d wrwdo ri 4: jhqhudwruv1 Wkh �jxuh vkrzv dw hdfk exv
d vhw ri jhqhudwruv wkdw r�hu jhqhudwlrq dw wklv exv1 Wkh olqh gdwd wkdw zh kdyh xvhg lq wklv prgho lv
jlyhq lq wkh iroorzlqj wdeoh1

Olqh Fdsdflw| +PZ, J E J
5E5

QSO0DNO <53 5:3 04955 31333384
WSR0DNO 4533 486; 04563; 31333338
ESH0QSO :33 :6:9 064945 31333337
WSR0ESH 833 ; 0<3< 31333338
KD\0ESH 4:33 54<6 04666; 31333339
EHQ0KD\ 4573 0 0 0
UR[0EHQ 4333 498 0:97 31333474

Wdeoh 4= Olqh gdwd= edvh fdvh
Wkhvh qxpehuv kdyh ehhq frpsxwhg wr eh dssur{lpdwlrqv wr wkh dfwxdo ydoxhv iru olqhv lq wkh Qhz

]hdodqg wudqvplvvlrq qhwzrun vr dv wr looxvwudwh wkh h�hfwv wkdw zh zlvk wr vwxg|1 Zh pxvw eh fduhixo/
krzhyhu/ wkdw wklv prgho lv qrw xvhg wr gudz frqfoxvlrqv derxw wkh pdjqlwxgh ru wkh iuhtxhqf| ri wkhvh
h�hfwv1 Wklv zrxog uhtxluh d vwxg| zlwk d ixoo lpsohphqwdwlrq ri VSG1
H{dpsoh 4= Edvh Fdvh

Wkh �uvw h{dpsoh looxvwudwhv wkh gl�huhqfh lq vroxwlrq rewdlqhg zlwk gl�huhqw dssur{lpdwlrqv xvhg
iru wkh olqh orvvhv1 Wkh edvh prgho xvhv wkh gdwd lq wkh iroorzlqj wdeohv1

Qrgh Ghpdqg +PZ,
DNO 44:<133
QSO 4:6133
WSR 45931:4
ESH 4:51;7
KD\ 88<148
EHQ 9;:195
UR[ ;641;3

Wdeoh 5= Qrgh ghpdqgv= edvh fdvh

9



Vwdwlrq Qrgh Txdqwlw| +PZKu, Sulfh +'2PZKu,
KO\D DNO 7<3 58
KO\E DNO 7<3 59
PGQ DNO 453 533
RWD DNO <3 <3
VGQ DNO 443 <<

QSOD QSO 563 63
QSOE QSO 678 64
VIG QSO 53; 69
WFF QSO 673 <<
ZNR WSR 933 5:
JHR WSR 58: 4
ZKL ESH 495 473
QLR ESH 883 57

ZWN EHQ 4:73 53
VLR EHQ 433 4
UR[ UR[ ;33 <
PDQ UR[ 8<3 ;

Wdeoh 6= Jhqhudwru r�huv= edvh fdvh

Wkh qrgdo sulfhv rewdlqhg xqghu hdfk ri wkh irxu orvv prghov lv vkrzq lq Wdeoh <1 Zh vhw � @ 3=38 lq
wkh ixoo prgho/ vr qrgdo yrowdjh pdjqlwxghv fdq ydu| e| 8( iurp 413 s1x1 Lq wklv h{dpsoh wkh txdgudwlf
prgho surylghv wd jrrg dssur{lpdwlrq wr wkh orvvhv lq wkh ixoo orvv prgho/ zlwk wkh slhfhzlvh olqhdu prgho
lpsurylqj dv wkh qxpehu ri vwhsv lq wkh slhfhzlvh olqhdu orvv ixqfwlrqv lqfuhdvhv1

Qrgh Ixoo orvvhv Txdgudwlf orvvhv Slhfhzlvh orvvhv +6 vwhsv, Slhfhzlvh orvvhv +43 vwhsv,
DNO 5<196 5<1;: 64169 5<16<
QSO 5:17; 5:189 5<164 5:163
WSR 5<1:6 5<1<< 64163 5<179
ESH 5:15: 5:166 5<13< 5:13;
KD\ 5:134 5:137 5;1:< 591;4
EHQ 53133 53133 53133 53133
UR[ 47154 471;; 48167 471:5

Wdeoh 7= Qrgdo sulfhv xqghu ydulrxv orvv prghov lq H{dpsoh 4
H{dpsoh 5= Qrq0frqyh{ rswlpdo glvsdwfk sureohp

Lq wklv h{dpsoh zh looxvwudwh vrph ri wkh gudzedfnv ri xvlqj d slhfhzlvh olqhdu prgho iru orvvhv zkhq
wkh sureohp lv qrw frqyh{1 Wklv sureohp kdv ehhq vwxglhg lq vlwxdwlrqv zkhuh jhqhudwruv +zkr pljkw sd|
wr eh glvsdwfkhg,duh doorzhg wr r�hu wudqfkhv zlwk qhjdwlyh sulfhv +vhh ^7`,1 Khuh wkh lqfhqwlyh iru VSG
lv wr pd{lplvh wkh sd|phqwv ri vxfk jhqhudwruv/ vr lw vhhnv wr pd{lplvh wkh orvvhv lq rughu wkdw pruh
ri wklv srzhu fdq eh glvsdwfkhg1 Zkhq pd{lplvlqj orvvhv/ VSG dvvljqv  rzv wr olqnv lq wkh prgho wr
surgxfh d vroxwlrq wkdw vroyhv wkh olqhdu surjudp/ exw fdqqrw eh lpsohphqwhg lq wkh sk|vlfdo qhwzrun1
V|pswrpv ri wklv ehkdylrxu duh vroxwlrq yduldeohv zlwk erwk sno A 3 dqg son A 3/ ru x+p,

no ehlqj srvlwlyh
+dw d kljk orvv idfwru, zkloh x+4,

no @ x+5,
no @ = = = @ x+l,

no @ 3 iru vrph l ? p1
Lq idfw VSG fdq idlo wr jlyh d sk|vlfdoo| lpsohphqwdeoh vroxwlrq/ hyhq lq wkh devhqfh ri qhjdwlyh

r�huv1 Zh looxvwudwh wklv lq wkh h{dpsoh e| euhdnlqj wkh olqn ehwzhhq ESH dqg KD\ dqg fkdqjlqj wkh
fdsdflwlhv ri wkh olqnv +DNO/QSO, wr 5333/ dqg +ESH/QSO, wr ;33/ zkloh vhwwlqj wkh r�hu sulfhv dw QSO
wr eh }hur dv vkrzq lq Wdeoh 81

Wkh vroxwlrqv gholyhuhg e| wkh ixoo0orvv prgho dqg wkh txdgudwlf orvv prgho sulfhv zhuh erwk sk|vlfdoo|
uhdolvdeoh1 Krzhyhu dv vkrzq e| Wdeoh 9 wkh olqn +ESH0QSO, frqwdlqhg  rz lq rssrvlwh gluhfwlrqv zkhq
wkh slhfhzlvh olqhdu prgho lv xvhg1

:



Vwdwlrq Qrgh Txdqwlw| +PZKu, Sulfh +'2PZKu,
QSOD QSO 563 3
QSOE QSO 678 3
VIG QSO 53; 3
WFF QSO 673 3

Wdeoh 8= Jhqhudwru r�huv dw Qhz So|prxwk iru H{dpsoh 5
Olqn Ixoo orvvhv Txdgudwlf orvvhv Slhfhzlvh orvvhv +6 vwhsv, Slhfhzlvh orvvhv +43 vwhsv,

QSO0ESH :79194 9:914<; ;33133 ;33133
ESH0QSO 3133 3133 453169 44<176

Wdeoh 9= Vhqw srzhu xqghu ydulrxv orvv prghov iru H{dpsoh 5

Wkh sulfhv dw wkh qrghv duh jlyhq e| Wdeoh :1 Lw lv lqwhuhvwlqj wr revhuyh lq wklv h{dpsoh wkdw wkh
qrgdo sulfhv gr qrw vhhp wr eh d�hfwhg e| wkh qrq0sk|vlfdo glvsdwfk1

Qrgh Ixoo orvvhv Txdgudwlf orvvhv Slhfhzlvh orvvhv +6 vwhsv, Slhfhzlvh orvvhv +43 vwhsv,
DNO 58133 58133 58133 58133
QSO 3133 3133 3133 3133
WSR 5:176 5:1<9 5:1<< 5:1<;
ESH 031<< 04149 0414; 04149
KD\ 56189 56189 5;1:< 5615<
EHQ 53133 53133 53133 53133
UR[ 47154 471;; 48166 471:5

Wdeoh := Qrgdo sulfhv xqghu ydulrxv orvv prghov iru H{dpsoh 5

;



H{dpsoh 6= Orrs frqvwudlqwv
Lq wklv h{dpsoh zh vwxg| wkh h�hfw ri wkh orrs frqvwudlqw

[
+n>o,5O

S vno
Eno

@ 3 +4<,

iru O gh�qhg e| DNO�QSO�ESH�WSR1Zh uhwdlq doo wkh gdwd iurp H{dpsoh 5/ exw euhdn wkh +DNO/WSR,
olqn1 Wklv phdqv wkdw wkh frqvwudlqw +4<, lv uhpryhg iurp wkh rswlplvdwlrq sureohp/ hqodujlqj wkh vhw ri
srvvleoh rswlpdo vroxwlrqv1 Dv d frqvhtxhqfh wkh frvw ri phhwlqj wkh ordg ghfuhdvhv dv vkrzq ehorz lq
Wdeoh ;1

Jhqhudwlrq Frvw Ixoo orvvhv Txdgudwlf orvvhv Slhfhzlvh orvvhv +6, Slhfhzlvh orvvhv +43,
Zlwk +DNO/WSR, 793;5 7<3:7 83879 7;;4:

Zlwkrxw +DNO/WSR, 746;3 746<8 75;8: 7;:94
Wdeoh ;= Qrgdo sulfhv xqghu ydulrxv orvv prghov iru H{dpsoh 6

Wkh qrgdo sulfhv zlwk wkh olqn uhpryhg duh dv iroorzv1
Qrgh Ixoo orvvhv Txdgudwlf orvvhv Slhfhzlvh orvvhv +6 vwhsv, Slhfhzlvh orvvhv +43 vwhsv,
DNO 0 0 3133 0
QSO 0 0 3133 3133
WSR 0 0 5:133 5:133
ESH 0 0 3133 3133
KD\ 0 0 5;1:< 5615<
EHQ 0 0 53133 53133
UR[ 0 0 48167 471:5

Wdeoh <= Qrgdo sulfhv xqghu ydulrxv orvv prghov iru H{dpsoh 6

<



H{dpsoh 7= Qrqxqltxh vkdgrz sulfhv
Lq wklv h{dpsoh zh orrn dw wkh vkdgrz sulfhv lq wkh slhfhzlvh olqhdu prgho +wr eh frpsohwhg,

H{dpsoh 8= Qrqxqltxh vkdgrz sulfhv
Lq wklv h{dpsoh zh h{dplqh wkh vkdgrz sulfhv lq wkh txdgudwlf prgho +wr eh frpsohwhg,

7 Glvfxvvlrq
Wkhuh kdv ehhq frqvlghudeoh glvfxvvlrq ri sureohpv zlwk qrq0sk|vlfdo glvsdwfk1 Irupxodwlqj wkh glvsdwfk
sureohp dv d pl{hg lqwhjhu surjudp fdq suhyhqw qrq0sk|vlfdo glvsdwfk1 Krzhyhu/ vroylqj wklv fdq eh
yhu| vorz/ dqg fdq ohdg wr lqfruuhfw gxdo yduldeohv1 Gxdo yduldeohv pljkw qrw eh xqltxh hyhq zlwk vprrwk
orvv ixqfwlrqv1

Uhihuhqfhv
^4` Doyh|/ W1/ Jrrgzlq/ G1/ Pd/ [1/ Vwuhl�huw/ G1 dqg Vxq/ G1 4<<;1 D vhfxulw|0frqvwudlqhg elg0fohdulqj

v|vwhp iru wkh Qhz ]hdodqg zkrohvdoh hohfwulflw| pdunhw LHHH Wudqvdfwlrqv rq Srzhu V|vwhpv/
46=673�6791

^5` Fkdr/ K0S1 dqg Kxqwlqjgrq/ K1J1 4<<;1 Ghvljqlqj Frpshwlwlyh Hohfwulflw| Pdunhwv Noxzhu Dfdghplf/
Ervwrq1

^6` Pxuwdjk/ E1D1 dqg Vdxqghuv/ P1D1 4<;:1 Plqrv 814 Xvhuv Jxlgh/ Whfkqlfdo Uhsruw VRO ;6053U/
V|vwhpv Rswlpl}dwlrq Oderudwru|/ Vwdqirug Xqlyhuvlw|1

^7` Zrrgv/ P1 dqg Vlvh/ J1 Qhjdwlyh R�huv dqg Sulfhv lq VSG1 Uhsruw iru wkh Pdunhw Sulflqj Zrunlqj
Jurxs ri Q]HP1 kwws=22zzz1p0fr1fr1q}2k<sdshuv2pdunSulfh2<<372QhjdwlyhR�huv1grf
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